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Abstract. Let A be an abelian variety defined over a number field k and let E be a finite Galois 
extension of k. Let p be a prime number. Then under certain not-too-stringent conditions on A 
and F we compute explicitly the algebraic part of the p-component of the equivariant Tamagawa 
number of the pair (^h^{A/p){l), Z[Gal(E/fc)]). By comparing the result of this computation with 
the theorem of Gross and Zagier we are able to give the first verification of the p-component of the 
equivariant Tamagawa number conjecture for an abelian variety in the technically most demanding 
case in which the relevant Mordell-Weil group has strictly positive rank and the relevant field 
extension is both non-abelian and of degree divisible by p. More generally, our approach leads us 
to the formulation of certain precise families of conjectural p-adic congruences between the values 
at s = 1 of derivatives of the Hasse-Weil L-functions associated to twists of A, normalised by a 
product of explicit equivariant regulators and periods, and to explicit predictions concerning the 
Galois structure of Tate-Shafarevich groups. In several interesting cases we provide theoretical 
and numerical evidence in support of these more general predictions. 


1. Introduction 

Let A be an abelian variety defined over a number field k. Then for any finite Galois extension F 
of k with group G the equivariant Tamagawa number conjecture for the pair {h}{A/p){l )is 
formulated in [16, Conjecture 4(iv)] as an equality in a relative algebraic A-group. This conjectural 
equality is rather technical to state and very inexplicit in nature but is known to constitute a strong 
and simultaneous refinement of the Birch and Swinnerton-Dyer conjecture for A over each of the 
intermediate fields of F/k. 

The refined conjecture also naturally decomposes into ‘components’, one for each rational prime p, 
in a way that will be made precise in §5.1 below, and each such p-component (which for convenience 
we refer to as ‘eTNCp’ in the remainder of this introduction) is itself of some interest. We recall, 
for example, that if A has good ordinary reduction at p, then the compatibility result proved by 
Venjakob and the first named author in [19, Theorem 8.4] shows that eTNCp is very closely related 
to the main conjecture of non-commutative Iwasawa theory for A with respect to any compact p-adic 
Lie extension of k that contains F. 

If p does not divide the order of G, then, without any hypothesis on the reduction of A at p, it 
is straightforward to use the techniques developed in [15, §1.7] to give an explicit interpretation of 
eTNCp (although, of course, obtaining a full proof in this case still remains a very difficult problem). 
However, if p divides the order of G, then even obtaining an explicit interpretation of eTNCp has 
hitherto seemed to be a very difficult problem - see, for example, the considerable efforts made by 
Bley [3, 4] in this direction. 

One of the main goals of the present article is therefore to develop a general approach which can 
be used to obtain (both theoretical and numerical) verifications of eTNCp in the technically most 
demanding case in which the abelian variety A has strictly positive rank over F and the Galois 
group G is both non-abelian and of order divisible by p. 


1 


2 


DAVID BURNS, DANIEL MACIAS CASTILLO AND CHRISTIAN WUTHRICH 


To give a concrete example of the results we shall obtain in this way, we note that in §6.1 our 
techniques will be combined with the theorem of Gross and Zagier to prove the following result (and 
to help put this result into context see Remarks 1.2 and 1.3 below). 

Theorem 1.1. Let p be an odd prime, K an imaginary quadratic field in whieh p is unramified and 
F its Hilbert p-classfield. Write G for the generalised dihedral group Gal(i^/Q). 

Let A be an elliptic curve over Q which satisfies, with respect to the field K, the hypotheses (a), 
(b), (c), (e) and (f) that are listed in §5 and for which the Tate-Shafarevich group 11I(A;’) is finite. 

Assume in addition that each of the following four hypotheses is satisfied. 

(i) all primes of bad reduction for A split in K/Q; 

(ii) the Galois group of K(^A[p])/K is isomorphic to GL 2 (Fp); 

(iii) the Hasse-Weil L-function L{A/}i,s) has a simple zero at s = 1; 

(iv) the trace to A{K) of the Heegner point is not divisible by p. 

Then the p-component of the equivariant Tamagawa number conjecture is valid for the pair 

{hHA/p)il),Z[G]). 

Remark 1.2. For a fixed elliptic curve A over Q and imaginary quadratic field K, it will be clear 
that the hypotheses (a), (b) and (c) that occur in the statement of Theorem 1.1 are satisfied by all 
but finitely many primes p. In addition, it will be clear that for a fixed A and p the hypotheses (e) 
and (f) only constitute a mild restriction on the ramification of the extension K/Q. Finally we recall 
that, by a famous result of Serre [46], the hypothesis (ii) holds for almost all p ii A does not have 
complex multiplication. 

Remark 1.3. In the context of Theorem 1.1 we also note that for any natural number n there are 
infinitely many imaginary quadratic fields K in which p does not ramify and for which the group 
Ga\{F/K) has exponent divisible by p". (For details of an explicit, and infinite, family of such 
fields see for example Louboutin [36].) In this context it therefore seems worth noting that the only 
previous verification of eTNCp for an abelian variety A and a Galois extension of degree divisible by 
p is given by Bley in [5, Gorollary 1.4 and Remark 4.1] where it is assumed, amongst other things, 
that A is an elliptic curve, F is an abelian extension of Q of exponent p and, critically, that the rank 
of A over F is equal to zero. 

In addition to the proof of Theorem 1.1, in §6 we will also provide further explicit examples in 
which our approach leads to a proof of eTNCp in cases for which p divides the degree of the relevant 
extension. More precisely, we show that for certain elliptic curves A the validity of eTNCp with 
p = 3 follows from that of the relevant cases of the Birch and Swinnerton-Dyer conjecture for a 
family of S' 3 -extensions of number fields (see Corollary 6.2) and provide examples (with p = 5 and 
p = 7) in which our approach allows eTNCp to be verified by numerical computations (see §6.3). 

In order to prove the above results we must first establish several intermediate results which are 
both more general and also we feel of some independent interest. To briefly discuss these results, we 
fix an abelian variety A over a number field k, a finite Galois extension F oi k with Galois group G 
and an odd prime p. 

In §4 we shall first compute, under some not-too-stringent conditions on A and F, the ‘algebraic 
part’ of the p-component of the equivariant Tamagawa number of the pair (ft,^(Al//^’)(l), Z[G]). This 
computation requires a close analysis of certain refined Euler characteristics (in the sense reviewed 
in §4.1) that are constructed by combining the finite support cohomology complex of Bloch and 
Kato for the base change through F/k oi the p-adic Tate module of the dual A*' of A together with 
the Neron-Tate height of A relative to the field F. We note that the main result of this analysis 
constitutes a natural equivariant refinement and/or generalisation of several earlier computations in 
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this area including those that are made by Venjakob in [50, §3.1], by Bley in [3], by Kings in [35, 
Lecture 3] and by the first named author in [14, §12]. 

The detailed computation made in §4 then allows us in §5 to interpret the relevant case of eTNCp 
as a family of p-adic congruence relations between the values at s = 1 of higher derivatives of the 
Basse-Weil L-functions of twists of A by irreducible complex characters of G, suitably normalised 
by a product of explicit equivariant regulators and periods. 

We next describe several interesting (conjectural) consequences of this reinterpretation of eTNCp, 
including the predicted annihilation as a Galois module of the p-primary Tate-Shafarevich of over 
F by elements which interpolate the (suitably normalised) values at s = 1 of higher derivatives of 
twisted Basse-Weil L-functions (see Proposition 5.2 and Proposition 5.6). 

By using results on the explicit Galois structure of Selmer groups that are obtained in [18], we 
then show that for generalised dihedral groups G the necessary p-adic congruence relations can be 
made very explicit even in the case that A has strictly positive rank over F (see Theorem 5.8). 

The latter explicit interpretation is then used as a key step in the proof of Theorem 1.1. 

We note finally that there are several ways in which it seems reasonable to expect that some of 
the explicit computations made in §4 could (with perhaps considerably more effort) be extended and 
our overall approach thereby generalised and that we hope such possibilities will be further explored 
in subsequent articles. 

1.1. Ackno-wledgements. The authors are very grateful to Werner Bley and Stefano Vigni for 
helpful discussions and correspondence and to the anonymous referee for making several useful 
suggestions. 


2. Notations and setting 


For any finite group P we use the following notation. We write Ir(r) for the set of irreducible 
FI-valued characters of P, where E denotes either C or Cp (and the intended meaning will always be 
clear from the context). We also write Ir for the trivial character of P and i/i for the contragredient 
of each ij) in Ir(P). For each ij) in Ir(P) we write 




V^(l) 

|r| 


7er 


for the primitive idempotent of the centre C(Fl[r]) of the group ring Fl[r]. For each Fl-valued 
character ip we also fix an i?[P]-module of character ip. 

For any abelian group M we write Mtor for its torsion subgroup and Mtf for the quotient M/Mtor, 
which we often regard as a subgroup of Q M. For any prime p we write M[p] for the subgroup 
{m £ M : pm = 0} of the Sylow p-subgroup M[p°°] of Mtor- We also set Mp := Zp M and 
write Mp for the pro-p-completion lim^M/p"M. If M is finitely generated, then we set rk(M) := 
dimQ(Q 02 M). 

For any Zp[F]-module M we write M'^ for the Pontryagin dual Bomz^ (M, Qp/Zp) and M* for 
the linear dual BomZp(M, Zp), each endowed with the natural contragredient action of F. If M is 
finitely generated, then for any field extension F of Qp we set F ■ M := F 0Zp M. 

For any Galois extension of fields L/K we write in place of Gal(L/Kr). We also fix an 

algebraic closure K'^ of K and abbreviate Gk<^/k to Gk- For each non-archimedean place n of a 
number field we write for its residue field. 

Throughout this paper, we will consider the following situation. We have a fixed odd prime p 
and a Galois extension F/k of number fields with Galois group G = Gpjk- We choose a p-Sylow 
subgroup P in G and set K := F^. We give ourselves an abelian variety A of dimension d defined 
over k. We write A* for the dual abelian variety of A. 
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For each intermediate field L oi F/k we write S^, and for the set of non-archimedean places 
of L that arep-adic, which ramify in F/L and at which A/i^ has bad reduction respectively. Similarly, 
we write and for the set of archimedean, real and complex places of L respectively. The 

notation S'? will stand for S? when “?” is b, r, p, oo, R or C. 

For each such field L we also set rk(?4L) := rk(?4(L)) and write IIIp(Ai) and Selp(Ai) for the 
p-primary Tate-Shafarevich and Selmer groups oi A/ We recall that there exists a canonical exact 
sequence of the form 

(1) 0- ^UlpiAL^ --Selp(?4L)^- ^A{L); -- 0. 

3. The hypotheses 

Fix an odd prime p, number fields fc, F and K = F^ and an abelian variety A as described above. 

Then throughout this article we will find it convenient to assume that this data satishes the 
following hypotheses: 

(a) ?4(A")[p] = 0 and A*{K)[p\ = 0; 

(b) The Tamagawa number of A jx at each place in is not divisible by p; 

(c) A/x has good reduction at all p-adic places; 

(d) For all p-adic places v that ramify in F/K, the reduction is ordinary and A{Ky)[p\ = 0; 

(e) No place of bad reduction for A/^ is ramihed in F/k, i.e. fl Ar = 0. 

(f) For any place v va. K such that the primes above it in F are ramified in F/k, we have 
A{Ky)[p] = 0 ; 

(g) The Tate-Shafarevich group is finite. 

Remark 3.1. For a fixed abelian variety A over k and extension K/k the hypotheses (a), (b) and (c) 
are clearly satisfied by all but finitely many primes p (which do not divide the degree of K/k), the 
hypotheses (e) and (f) constitute a mild restriction on the ramification oi F/k and the hypothesis (g) 
is famously conjectured to be true in all cases. However, the hypothesis (d) excludes the case that 
is called ‘anomalous’ by Mazur in [38] and, for a given A, there may be infinitely many primes p for 
which there are p-adic places v at which A has good ordinary reduction but A{Ky)[p\ does not vanish. 
Nevertheless, it is straightforward to describe examples of abelian varieties A for which there are 
only finitely many such anomalous places - see, for example, the result of Mazur and Rubin in [39, 
Lemma A.5]. 

Remark 3.2. In the analysis of finite support cohomology complexes that is given in Lemma 4.1 
below we find it convenient to adopt the convention of considering the p-adic Tate module of A* 
rather than that of A itself. Applications of the hypotheses (b)-(f) in this article will therefore 
often take place with A replaced by A*. In this regard, we note that the validity of each of these 
hypotheses as currently formulated is equivalent to the validity of the corresponding hypothesis with 
A replaced by A* and we will henceforth use this fact without further explicit comment. 

4. Canonical Euler characteristics 

In most of this section we assume that the fixed data p, k, F, K and A satisfy all of the hypothe¬ 
ses (a)-(g) that are listed in §3. 

Our main aim is to compute explicitly the natural (refined) Euler characteristic that is associated 
to the pair comprising the Bloch-Kato finite support cohomology complex of the base-change through 
F/k of the p-adic Tate module of the dual abelian variety A* of A and the Neron-Tate height of A 
relative to the field F. 
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4.1. Euler characteristics. We first quickly review the definition of refined Euler characteristics 
that will play an essential role in the sequel. For convenience, we shall only give an explicit con¬ 
struction in the relevant special case rather than discussing the general approach (which is given 
in [13]) 

For any finite group F we write Il(Zp[r]) for the derived category of complexes of (left) Zp[r]- 
modules. We also write ZlP(Zp[r]) for the full triangulated subcategory of D(Zp[r]) comprising 
complexes that are ‘perfect’ (that is, isomorphic in Il(Zp[r]) to a bounded complex of finitely 
generated projective Zp[r]-modules). 

We assume to be given a complex C in ZlP(Zp[G]) which is acyclic outside degrees a and a-|-l for 
any given integer a and such that H°‘{C) is Zp-free. We also assume to be given an isomorphism of 
Cp[G]-modules A : Cp®Zp7F“(G) = Cp(8)Zp ^^“''’^(G). Then, under these hypotheses, it can be shown 
that there exists an isomorphism i : P* = G in iAP(Zp[G]) where P* is a complex of Zp[G]-modules 

of the form P P where P is finitely generated and projective and the first term occurs in degree 
a. We then consider the following auxiliary composite isomorphism of Cp[G]-modules 

Ap. : Cp P — (Cp H°'{P')) © (Cp ©Zp im(c?)) 

= (Cp ©Zp i?“+^(P*)) © (Cp ©Zp im(d)) ^ Cp ©Zp P 

where the first and third maps are obtained by choosing Cp[G]-equivariant splittings of the tauto¬ 
logical surjections Cp ©Zp P ^ Cp ©Zp im(d) and Cp ©Zp P ^ Cp ©Zp H‘^~^^{P') respectively and 
the second is ((Cp ©Zp o A o (Cp ©Zp id). 

We now write iFo(Zp[G], Cp[G]) for the relative algebraic iF-group of the inclusion Zp[G] C Cp[G] 
and recall that this group is generated by elements of the form [Q, /x, Q'] where Q and Q' are finitely 
generated projective Zp[G]-modules and ^ is an isomorphism of Cp[G]-modules Cp©ZpQ = Cp©ZpQb 
In particular, in terms of this description, it can be shown that the element of FTq (Zp [G], Cp [G]) 
obtained by setting 

Xg.p(C,A) := (-1)“ [P,Xp.,P] 

is independent of the choice of isomorphism l (and hence of the module P) and of the splittings 
made when defining the isomorphism Ap». This element will be referred to as the ‘refined Euler 
characteristic’ of the pair (G, A) in the sequel. 

4.2. Cohomology with finite support. We now turn to consider the finite support 
complex of the p-adic Tate module Tp{A) of A^. 

To do this we write Efc(F) for the set of fc-embeddings F ^ and Yp^j^p for 
Zp, endowed with the obvious action of G x Gfe. 

Then the p-adic Tate module of the base change of A^ through F/k is equal to 

Tp^f[A) := Yp/k^p ©Zp Tp{A), 

where G acts naturally on the first factor and Gk acts diagonally. We set Vp^p{A) := QpTp^p{A). 

For each place u of fc we set G„ := Gfc„ and write for the inertia subgroup of Gy. We also fix a 
place w of F above v and a corresponding embedding F ^ k^ and write Gy and ly for the images 
of Gy and under the induced homomorphism Gy —>■ G. 

For each non-archimedean place v we then define a complex of Zp[G]-modules by setting 

Tp^pi^AY'^ - > Tp^p{AY '^, if u Ip 

Hj{ky,Tp^p{A))[-l], ifv\p 



cohomology 
the module 


RTf[ky,Tp^p{A)) : 
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where, ii v \ p, the first occurrence of Tp^p{AY'‘ is placed in degree zero and Fr„ is the natural 
Frobenius in G^jly and, if n | p, then Hj (^ky,Tp^p{A)) denotes the full pre-image in (^kv,Tp^p{A)) 
of the ‘finite part’ subspace Hj[ky,Vp^F{A)) of {ky,Vp^F{A)) that is defined by Bloch and Kato 
in [8, (3.7.2)]. 

We next define i?r jf{ky,Tp^F{A)) to be a complex of Zp[G]-modules which lies in an exact triangle 
in Z?(Zp[G]) of the form 

( 2 ) RYf{ky,Tp^F{A))^A^RT{ky,Tp^F{A))^^RT/f{ky,Tp^F{.A)) -^ 

where vjy is the natural inflation morphism iiv \ p, and is induced by the inclusion Hj (^ky, Tp^F{A)j C 
H^{ky,Tp^F[A)j and the fact that Rr(^ky,Tp^F{A)) is acyclic in degrees less than one, if i; | p. We 
finally set S := S'r U Sb, write Ok,s for the subring of k comprising elements that are integral at 
all non-archimedean places outside S and define the complex RTf{k,Tp^F{A)j so that it lies in an 
exact triangle in D(Zp[G]) of the form 

(3) RTf{k,Tp^F{A))^RT(Ok,s[l],Tp^F{A))^ © RT/f{ky,Tp^F{A)) ^ . 

^ ^ uesuSp 

Here each z;-component of w' is equal to the composite of the natural localisation morphism 
RT(^Ok,s[j;],Tp^F{A)'j —>• i?r(fc.u, Tp_i7’(^)) in etale cohomology and the morphism w'y. 

In the sequel we also set 

H}{k,TpAA)) ■■= HYRTf{k,Tp,F{A))) 

in each degree i. 

Lemma 4.1. 

(i) Assume that A and F satisfy the hypotheses (c)-(f). Then RTf{k,Tp^F{A)j belongs to 
I?P(Zp[G]). In addition, for any non-archimedean plaee v of k which ramifies in F/k and 
does not divide p, the complex RTf{ky,Tp^F{A)) is acyclic. 

(ii) Assume that A and F satisfy the hypotheses (a), (b), (e) and (g). Then the complex 
RTf{k,Tp^F{A)) is aeyclic outside degrees one and two and there are canonical identifi¬ 
cations of Hj{k,Tp^F{A)) and Hj{k,Tp^F{A)j with A*{F)p and Selp^ApY respectively. 


Proof. First, since p is odd and Tp^p^A) is a (finitely generated) free Zp[G]-module the complexes 
RT{Ok,s\^,Tp,F{A)) and RT{ky,Tp^F{A)j for each place v oi k belong to D'^{fLp[G\). In view of 
the exact triangles (2) and (3), claim (i) will therefore follow if we can show that for each z; in 5'U5p 
the complex RTf{ky,Tp^F[A)) belongs to ZlP(Zp[G]), or equivalently (as P is a Sylow p-subgroup) 
that it belongs to D'^(fLp[P\). 

We first consider the case v \ p. In this case RTf{ky,Tp^F{A)) is isomorphic in D{fLp[P\) to 
RTf(^Ky,i,Tp) where we write w' for a place in K below w and set Tp := Zp[P] (g)Zp Tp{A/x). 

In particular, even without assuming our hypotheses, if the ramification index of v in F/k is not 
divisible by p, then w' is unramified in F/K so Tp“' = Zp[P] (g)Zp Tpl^AY'^' is a free Zp[P]-module 
and so PF f{Ky,i,Tp) belongs to IlP(Zp[P]). 

Next we show that hypotheses (e) and (f) imply that if w' ramifies in F/k and v ] p, then 
RTf{Kyji,Tp) (and therefore also RTf(^ky,Tp^F{A))) is acyclic. We write d° for the differential in 
degree 0 of PF f{Kyyi,Tp). Then it is clear that ker(ci°) = tY'"' vanishes and so it suffices to prove 
cok(c?°) vanishes or equivalently, since P and cok(d°) are finite p-groups, that cok{d°)p vanishes. 
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But (e) implies Tp“' = Zp[P//u,/] 02 ^ Tp{A/j() and so the Zp-module cok{dP)p is isomorphic to the 
cokernel of the action of 1 — Fr~,^ on Tp(A and hence of cardinality the maximum power of p that 
divides detzp(l - Fr“,^|Tp( 7 l/ 

K )) in Zp. The module cok{(P)p therefore vanishes since the latter 
determinant is equal to \A^{k,w')\/\hw'\'^ and this is a unit at p by (f). 

Finally we fix a p-adic place v oik and recall from [ 8 , after (3.2)] that the group Hj (^kv,Tp^p{A)^ 
is the image in {ky,Tp^F{A)) ^ Zp[G] 0Zp[G„] {Fyj,Tp{A)) of Zp[G] 0Zp[G„] A\Fw)p under 
the natural (injective) Kummer map. Since the group Hj(^ky,Tp^p{A)^ is finitely generated over Zp 
it is thus enough to show that each module yl*(Fi„)p is cohomologically-trivial over G^- 

This is clear if the order of G^, is prime to p and true in any other case provided that A*'{Fyj)p is 
cohomologically-trivial over each subgroup G of Gw that has order p. The point here is that, for a 
given p-Sylow subgroup Pw of Gw, there exists a normal subgroup C of Pw which has order p and 
hence also a Flochschild-Serre spectral sequence in Tate cohomology [Pw/C, H^{C, A^ {Fw)p)) => 
H°-+^(^Pw,A*{Fw)p). Thus if A‘(Fu,)p is a cohomologically-trivial G-module, then (^Pw, A*{Fw)p) 
is trivial for all integers m, and then [12, Chapter VI, (8.7) and ( 8 . 8 )] combine to imply that A‘(Fj„)p 
is a cohomologically-trivial Gu,-module. 

We hence fix a subgroup G of Gw of order p. Now cohomology over G is periodic of order 2 and 
Qp • A^{Fw)p is isomorphic (via the formal group logarithm) to the free Qp[Gu,]-module F^, so [2, 
Corollary to Proposition 11 ] implies that the Herbrand quotient h{G,A*{Fw)p) is equal to 1. 

It is thus enough to prove that the group {G, A*-{Fw)p) vanishes, or equivalently that the 
natural norm map A*{Fw)p —>■ A*{F^)p is surjective. But the hypotheses (c) and (d) imply that 
A^^pc has good reduction at all p-adic places and further that at any p-adic place w' of F^ which 
ramifies in F/F'^ the reduction is ordinary and such that A^{kw') has no p-torsion, and so the 
argument of Mazur in [38, §4] implies that the norm map A*{Fw)p —>■ A^{F^)^ is surjective, as 
required to complete the proof of claim (i). (We note in passing that if p is unramified in F'/Q, as 
will be the case in applications of Lemma 4.1 in the present article, then the relevant argument is 
given by [38, Corollary 4.4].) 

Turning to claim (ii) we note that, under the hypothesis (g), the argument of [15, p. 86-87] 
implies directly that Hj(^k,Tp^F{A)) vanishes if i ^ {1,2,3}, that H^{k,Tp^F{A)) is isomorphic to 
{MF),,,ory and that there is a canonical exact sequence of Zp[G]-modules 


© H^(k,,H\h,TpAA))A 

C I iC, ^ / 


V^Sr^JSh 


0 . 


0— ^H}{k,Tp,F{A)) 


■A\F)p 


■ Hj{k,Tp,F{A)) ^SelpiAF)^ 


Now hypothesis (a) implies that the p-group P acts on ^(F)[p] with a single fixed point and hence 
that F[f[k, Tp^f{A)) vanishes. Claim (ii) will therefore follow if we can show that, under the stated 
hypotheses, the group i7°(fc„,iJ^(/„,Tp_ir(yl))tor) vanishes for all v € S'rUS'b. In view of the natural 
isomorphism 

H^(k^,H\l,,TpAA))^^^ ^ Zp[G] 0z,[G„] H^(Fw,H\lw,Tp{A))^^^ 

it is thus enough to show that F[^(^Fw, F[^ {Iw,Tp{A))tor) vanishes for all u G Sr U ^b. On the one 
hand, ii v ^ ^b, then H^[lw,Tp{A)) = Homcont(.fi«,'rp(A)) is torsion-free and so the result is clear. 
On the other hand, if u G S\j, then (e) implies that v ^ so Iw = Iw' and hence the group 

(^Fw,H^ {lw,Tp{A))^^^f^' = i^Kw', {iw', Tp{A))^^) 
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vanishes as a consequence of (b) and the fact that [iw', Tp (A)) j has cardinality equal 

to the maximal power of p that divides the Tamagawa number of at w'. Since Gw' is a p-group, 

this implies that H°(^Fw,H^{Iw,Tp{A))to^) vanishes, as required to complete the proof of claim 
(ii). □ 

In the sequel we assume that A, F and p satisfy the hypotheses (a)-(g). Then Lemma 4.1 implies 
that the complex 

Rrf{k,TpAA)) 

belongs to DP{Zp[G]), is acyclic outside degrees one and two and is such that for each isomorphism 
of helds j : C = Cp there exists a canonical composite isomorphism of Cp[G']-modules of the form 

: Cp ^ Cp A*{F)p 

— Cp (gc.j (C 0z A*{F)) = Cp 0c,i Homc(C 0z A{F),C) 

= Cp 0Zp Homzp {A{F)p, Zp) ^ Cp 0z,p {^a'f) 

in which the central isomorphism is induced by the C-linear extension to <C®iA{F) of the Neron-Tate 
height of A relative to the field F. 

Hypothesis (a) implies that the p-group P acts on A{F)[p] with a single fixed point and hence that 
the module A*{F)p = H^{G^'p) is Zp-free and so the above observations imply that the construction 
in §4.1 applies to the pair {G^*p, to give a canonical Euler characteristic 

xM^F/k) :=-XG,p(Ci’>,ANT/) 

in the relative algebraic iX-group itro(Zp[G'], Cp[G']). 

This element F/k) encodes detailed information about a range of aspects of the arithmetic 
oi A/p and in the remainder of §4 we shall explicitly relate it to the equivariant Tamagawa numbers 
that are defined in [16]. In §5 this comparison result plays a key role in the formulation of a 
precise conjectural description of a pre-image of Xi{A, F/k) under the boundary homomorphism 
K,{Cp[G]) -A Ko{Zp[G],Cp[G]). 

4.3. The element i?Hj(/i^(A/j’)(l),Z[G']). For each isomorphism j : C = Cp as above there is an 
induced composite homomorphism of abelian groups 

(4) jG,* : Ko{Z[G],R[G]) -A Ko{Z[G],C[G]) ^ Ko{Z[G],Cp[G]) -A Ko{Zp[G],Cp[G]) 

(where the first and third arrows are induced by the inclusions R[G] C C[G] and Z[G] C Zp[G] 
respectively). 

For each such j we set 

m, {h\A/p){l), Z[G]) := jo,. (^m{h\A^p){l), Z[G])) 

where i?H(/i^(H/p)(l),Z[G]) is the ‘algebraic part’ of the equivariant Tamagawa number for the 
pair {h} {A! p){\) ,Ij[G\) , as defined (unconditionally under the assumed validity of hypothesis (g)) 
in [16, §3.4]. 

In order to relate this element to the Euler characteristic Xj{A,F/k) defined above we must hrst 
introduce an auxiliary element of iXo (^p [G], Cp [G]). 

To do this we define a complex 

C'Zf ^ R^{kv,TpAA)) ® 0 Rrf{k^,Tp,F{A)), 

VGSaa VeSUSp 
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where, as before, S denotes Sr U Sh- It is then clear that is acyclic outside degrees zero 

and one, that {kv^Tp^F^A)) and that there is a canonical identification of 

Qp ( 8 )Zp H^{C^Ay) ^‘(^p)p ) where we set Fp := F 0q Qp. 

We next use this description of the cohomology of to define a canonical isomorphism of 

Cp[G]-modules 

A^/ : Cp 

For this we write S(k) for the set of embeddings fc —>■ C and Ecr(F), for each a in E(k), for the set 
of embeddings F ^ <C that extend a. For v in Sac we fix a corresponding element ay of S(fc) and 
consider the C-linear map 

■Ky: C®zi7i(cr„(A‘)(C),Z) 

^Homc(c®fc,,„ C) = C liomk{H°{A\n\,),k) 

that sends the image 7 in FIi (cr^(A‘)(C), Z) of a cycle 7 to the map induced by sending a differential 
w to := /^w. 

For each place v in Sac we also write W,f for the module (f) endowed with its natural 
action of the direct product G x Gy , and then define to be the following composite isomorphism 

of Cp[G]-modules 

Cp®ZpFI°(G^°>*) =Cp®z^ 0 H%ky,TpMA)) 

= Cp( 8 )z (ji^v,Yv,F Hi{ay{A^){C),'lZj 

PGSoo 

= Cp (g)Q ( 8 )fe Homfc {H°{A *, Vt\t ), fc) ^ 

= Cp (g)Zp A*{Fp)p 
= Cp ®zp 

Here the first isomorphism is induced by the canonical comparison isomorphisms 

(5) Tp,FiA) = YF/k,p Tp{A) ^ Yy^F,p ®Zp iFi (a,(H‘)(C), Z)^, 

the second by the maps Cp ®c j' and the canonical decomposition 

(6) R 0Q (^F<Sik Homfe (iF° {A *, ), fc) ^ 

~ 0 (C®/c,o-F") ( 8 )c (C ®fc,cr Homfc(iF°(H*,H^t), fc))^ 

VGSoa 

- ® CF„,f (8 )c (C®fc,<p Homfc(iF°(H*,H^t),fc))^, 

tieSoo 

and the third by the sum over places v in Sp of the classical exponential map 

(7) Fy Homfc(iF°(H‘, n\,),k) ^ Hom^p {H°(A^^, J, Fy) ^ QpA^iFy)^ 
where we set Fy := F ®kky. 

Under our stated hypotheses the complex G^*^* belongs to F?P(Zp[G]). It is also acyclic outside 
degrees zero and one and such that H^(^gZf) i® Z,p-free and so we may use the construction of §4.1 
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to define an element of KQ{Xp[G],<Cp[G\) by setting 

We are now ready to state the main result of this section. In this result, and the sequel, we shall 
use the composite homomorphism 

5g,p : C(Cp[G])^ ^ Ki{Cp[G]) ^ Ko{Zp[G],Cp[G]) 

where the first arrow is the inverse of the (bijective) reduced norm homomorphism Nrdcp[G] and the 
second is the standard boundary homomorphism dG,p- 


Proposition 4.2. Assume that A and F satisfy the hypotheses (a)~(g). Then in itTo (^p[G], Cp[G]) 
one has 


Rn,{h\A/p){l),Z[G]) = -Xj{A,F/k) - x^°^{A,F/k) + ^ SG,p{L,{A,F/k)). 

vesuSp 


Here for each place v in S U Sp we set 


Lp{A,F/k) 


NrdQp[G](l-Fr;i | Vp^AY^), 

[G] (1 ~ I ^ci,viV^p,FiA))Y 


where (pv is the crystalline Frobenius at v. 


if v\p 
if v\p, 


Proof. To discuss RTlj{h}{A/p){l),lj[G\) we first recall relevant facts concerning the formalism of 
virtual objects introduced by Deligne in [24] (for more details see [16, §2]). 

With R denoting either Zp[G] or Cp[G] we write V{R) for the category of virtual objects over R 
and [G]r for the object of V{R) associated to each G in D'^{R). Then V{R) is a Picard category 
with 7ri(P(i?)) naturally isomorphic to Ki{R) (see [16, (2)]) and we write {X,Y) X ■ Y for its 
product and Ip for the unit object [Oj^j. Writing Pq for the Picard category with unique object Ipj, 
and Aut-pQ(lpp) = 0 we use the isomorphism of abelian groups 

(8) 7ro(l/(Zp[G]) x^(c^[G]) Po) = iFo(Zp[G],Cp[G]) 

that is described in [16, Proposition 2.5]. In particular, via this isomorphism, each pair comprising 
an object X of P(Zp[G]) and a morphism l : Cp[G] (8)Zp[G] X —>• lcp[G] gives rise to a canonical 
element [A, t] of i^o (^p [G], Cp [G]). 

Now if G belongs to PP(Zp[G]) and is acyclic outside degrees a and a + 1 (for any inte¬ 
ger a), then any isomorphism A : iJ“(Cp ®Zp G) = H°-~^^(Cp G) of Cp[G]-modules gives 
a canonical morphism AttIv : [Cp ®Zp G]cp[G] lCp[G] in F^(Cp[G])- The associated element 
[[G]zp[G], Atuv] of A'o(Zp[G],Cp[G]) coincides with the Euler characteristic XZp[G].Cp[G] (G, AGP") 
defined in [11, Definition 5.5]. In particular, from Proposition 5.6(3) in loc. cit. it follows that 
[[G[—l]]zp[G], AttIv] = ~ [[G]zp[G]j AttIv] ! whilst Theorem 6.2 and Lemma 6.3 in loc. cit. combine 
to imply that if H°‘{G) is Zp-free, then 

(9) [[G]zp[G]; AttIv] = Xg.p(G, A)-I-(5g.p f NrdQp[G](-id I Qp (Dzp F^*(G))^ ^ 

'^2=1,2 mod 4 

where XG,p(— ,—) is the explicit Euler characteristic discussed in §4.1. 

We now set 



GXp--= RTYOuA^TpAA)), 
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which is the complex of the compactly supported etale cohomology of Tp^p{A) on Spec(C>fc_s[i]), 
regarded as a complex of Zp[G]-modules in the natural way. 

Then a direct comparison of the definitions of and C^*p shows that there is a canonical 

exact triangle in DP(Zp[G]) 

( 10 ) --Gi°>V 


We consider the following diagram in T^(Cp[G]) 


(11) [Cp [Cp C'^“/[-l]]c,[G] • [Cp C’a>]c,[G] 


)Triv] )Tri„] 


*-Cp[G] 


*-Cp[G] 


■ lCp[G] • lCp[G] 


(n„esuSp iA,F/k))-id 


lCp[G] • lCp[G]- 


Here A is the morphism induced by the scalar extension of (10), t denotes the canonical identification 
and the morphisms a and a! are defined by the condition that the two squares commute. 

We claim that this definition of a and a! implies that 

(12) a' oa = (Cp 0RJ i9oo) o (Cp (g)Qp i9p)~^ 

where the morphisms i?oo and i?p are as constructed in [16, §3.4]. To verify this we note that the scalar 
extension of (10) is naturally isomorphic to the exact triangle in IlP(Cp[G]) induced by the central 
column of the diagram [16, (26)] and then simply compare the explicit definitions of the morphisms 
and i?p and of and i?oo- After this it only remains to note the following fact. For each 

place V € S \ Sp, respectively v £ Sp, we write Vp^y and 4>y for Vp^piA)^'’ and Fr“^, respectively 
Dcr,v{Vp^p{A)^ and ipy, and then for the complex Vp^y Vp^y, with the first term placed 

in degree zero. Our definition of A^^'^ implicitly uses the morphism [1 ^*„]qp[g] 1qp[g] induced 
by the acyclicity of V'^y whereas the definition of dp uses (via [16, (19) and (22)]) the morphism 
[Vp*„]Qp[G] —t 1 qp[G] induced by the identity map on Vp^y; the occurrence of the morphism a' in the 
equality (12) is thus accounted for by applying the remark made immediately after [16, (24)] to each 
of the complexes V’y and noting that NrdQp[( 3 ](l — (f>y \ Vp^y) = Ly{A, F/k). 

Now, taking into account the equality (12), the term i?r2j(/i^(H/p’)(l),Z[G]) is defined in [16] to 
be equal to 


[CXf 


Zp[G] 


((Cp ® (^p (^Qp "^p) 




Zp[G] 


a o a 


The product structure of 7ro(H(Zp[G]) Xy(c^[c]) Vo) then combines with the commutativity of (11) 
to imply that it is also equal to 

















12 


DAVID BURNS, DANIEL MACIAS CASTILLO AND CHRISTIAN WUTHRICH 




F\Zj,[Gy 


a 


[1 


Zp[G], a ^ 


(Ar/)THvJ + (Ar/)TVivJ + «'] 

(Ar/)THvl + ("r/)T.iv 


.[G]’ 

lzp[G]j n Ly{A,F/k) 

vGSUSp 

This implies the claimed result since (9) implies that 

[CAyXplGV (^r/)THv] =xTiA,F/k) 

(as 5G.p(NrdQp[G](-id | Qp®Zp= 0 because Qp®Zp (C^V) is a free Qp[G]-module) 
and 

]^Af]z,[G]’ (Ar/)TViv] =-X.(AUfe) 

(because IlLi ^''‘^OpiG] (~id | Qp ®Zp F[^{C^a*f))^ = 1) whilst the explicit description of the 

isomorphism (8) implies that 


lzp[G], n LyiA,F/k)\ =6g,p[ n Ly{A,F/k)) 

uesuSp 

= X! SG,p{Fv{A,F/k)). 


vGSuSt} 


veSuSn 


□ 


4.4. The local term. In this section we explicitly compute the Euler characteristic x^^iAjF/k) 
that occurs in Proposition 4.2 in terms of both archimedean periods and global Galois-Gauss sums. 

In the sequel we sometimes suppress explicit reference to the fixed identification of fields j : C = 
Cp. In addition, for each natural number m we will write [to] for the set of integers i which satisfy 
1 < * < TO. 


4.4.1. Periods and Galois Gauss sums. We fix Neron models A* for A* over Ok and Ay for 
over Okp for each v in Sp, and then fix a fc-basis {u;b}t,g[d] of the space of invariant differentials 
which gives Ofe^-bases of ) for each V in Sp and is also such that each ojb 

extends to an element of (^A*, Xl\t) ■ 

For each place v in S'r we fix Z-bases {xt,a}a^[d] and {'yya}a£_[d] of iJi (crp(A*)(C), Z)^~^ and 
((T.p(A*)(C), Z)‘^~ where c denotes complex conjugation, and then set 


nt[A) := 


det 


'it, a 


UJb 


n-{A) := 


det 


UJb 


where in both matrices (a,b) runs over [d] x [dj. For each v in S'c we fix a Z-basis { 7 p,a}aG[ 2 d] of 
Hi (ay (A*)(C),Z') and set 
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where (a, 6) runs over [2(i] x [d]. (By explicitly computing integrals these periods can be related to 
those obtained by integrating measures as occurring in the classical formulation of the Birch and 
Swinnerton-Dyer conjecture - see, for example, Gross [30, p. 224]). 

For any i/; G Ir(G) and v G Sr, we set ■= dime and '0j7(l) := '!/'(!) ~ V’jj’(l)- Then we 

define the periods 




ifueS'Rand 
if US 5c; 


and n{A, ij) := ilv{A,'ip) and finally set 

n{A,F/k):= Y, G(AV')ev. e C(Cp[G])^ 

y’Glr(G) 

For each v in 5 r, respectively, in 5 c, we also define Wy{il)) to be equal to respectively, 

and then set Woo(V') ■= Il^es^o Wviip) and 


Woo{F/k) := Y WooWe^ G C(Cp[G])^. 

y’Glr(G) 


To describe the relevant Galois Gauss sums we first define for each non-archimedean place i; of fc 
the ‘non-ramified characteristic’ Uy to be the image under the natural induction map (Cp[ Gi, ]) ^ —>• 
C(Cp[G])^ of the element (1 - ejJ + (-Fr”^)ej^ of C(Q[G^])^- 

For each character ip in Ir(G) we then define a modified equivariant global Galois-Gauss sum by 
setting 


T*{F/k) 



Y e^r(Q,Ind«iA) eC(Q"[G])^ 

y’Glr(G) 


where the individual Galois Gauss sums t(Q, —) are as defined by Martinet in [37]. 


4.4.2. Computation of the local Euler characteristic. The explicit computation of the Euler char¬ 
acteristic ')(}°^{A,F/k) is made considerably more difficult by the presence of p-adic places which 
ramify in any of the relevant field extensions. For simplicity in the sequel, and to focus attention on 
the key ideas in the present article, we therefore impose the following additional hypothesis 

(h) p is unramified in F/Q. 

A full treatment of the terms x]j’^iA, F/k) in the general (ramified) case will then be given in a 
future article. 

In the following result we use the elements Ly{A,F/k) of C(Qp[G])^ that are defined in Proposi¬ 
tion 4.2. We will also write j* for the isomorphism ^(C[G])^ = C(Cp[G])^ that is induced by j. We 
finally recall that d denotes the dimension of A. 


Theorem 4.3. If A and F satisfy the hypotheses (a)-(h), then one has 

,w^{F/kY-n{A,F/k) 


xf(A,E/fc)=5G,p(j4- 


'‘{F/ky 


) n 

v^Sh^Sp 


,{A,F/k)). 


Proof. We set := H^(^ky,Yy^p 0z 77i(cr„(A*)(C), Z)) for each v in 5oo and then also := 

and G^'^* := i7^p^[0]©A*(Fp)p[-l]. Then, asp is odd and i^F/(fc.;,, rp^i;’(A)) is acyclic 
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for all V in Sr (by Lemma 4.1(1)), the comparison isomorphisms (5) induce a natural isomorphism 

R : © 0 H}{k,,Tp,F{A))[-l] 

vGSh 

in DP(Zp[G]) and hence an equality in Kt){Xp[G],'Cp[G\) 

(13) xf (A,i^/A:) - XgA^Xf = E XG,p{h}{K,Tp^f{A))[-1], o) 

«6Sb 

= n Ly{A,F/k)y 

ueSb 

Here we set := (Qp ©Zp H^{k)) o A^’^ o ©z^ H°{k)) ^ and the second equality follows 

by combining for each v in Sh the explicit definition of the term Ly{A, F/k) together with the facts 
that there is an exact sequence of Zp[G]-modules 

0 - ^TpAAf^ ^lIlsl^Tp^p^Ay. - {k^,Tp,F{A)) -^ 0 , 

and that Tp^F[Ay'‘ is a projective Zp[G]-module (as a consequence of hypothesis (e)). 

We next note that A^^ := p,20Mii where is the second isomorphism that occurs in the definition 
of A^^'^ and /12 = ®„gs M 2 where each is induced by the classical exponential map (7). 

For each v in Sp we set Op^ := Op ®Ok Then hypothesis (h) implies that each such place v 
is unramified in F^/ky and hence, by Noether’s Theorem, that the Zp[G]-module Op^ = Y\w'\v^f^' 
is free. In particular, the Zp[G]-module 

'^AFp '■= 0 Op^ ®Okp Homoj^^ 77 °(Mlp, 11)44 

v^Sp 

is free and so in 7Fo(Zp[G], Cp[G]) one has an equality 

xGp{&yy\XAy) 

= XG,p{Hy/yP\ 0 Ta.Ep[- 1 ],Mi) + Xg,p{Ja,FpP\ © A* {Fp)^[-l], ^2) ■ 

Combining this equality with (13) and the explicit computations in Lemmas 4.4 and 4.5 below one 
finds that y°^{A,F/k) is equal to 

5G,p(jywUF/ky^l{A, F/k)) n P/^)) - ^ , pp,Yp^p). 

veSbUSp 

Here we have set Yp := ns(F) endowed with its natural action of G, and written irp : Cp©Qp Fp = 
Cp ©Zp Yp^p for the natural isomorphism. To deduce the claimed result from this expression it suffices 
to show {Op^p^TTp^Yp^p) is equal to 6G,p{j*iT*{F/k))) and, since no p-adic place of k ramifies in 
F/k, this follows directly from equation (34), Proposition 7.1 and Corollary 7.6 in [6]. □ 

Lemma 4.4. If at each place v in Sp the extension Fjp/Qp is unramified and A has good reduction, 
then one has 

XG,p(^JA,Fp[0]® AyFp)^[-l],P2'^ =(5(;jp^]^ Ly{A,F/k)y 

vGSp 
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Proof. We fix v in Sp and write p for the Neron model A\, XOk^ of A* over '■= Uw'lv^FI^- 
Then Homo^^ ),Of^) is naturally isomorphic to the free Zp[G]-module Ja,f^ '■= 

Of^ Homo,^ 

In addition, the stated hypotheses on v imply that there exists a full free Zp[G]-submodule 

Vy := Dct,v{Tp^f{A)) = Of^ ®Ok^ DcT,v{Tp{A)) 

of Dcr^viVp^FiA))^ where Dcr,v is the quasi-inverse to the functor of Fontaine and Lafaille used by 
Niziol in [42], and the theory of Fontaine and Messing [28] implies that the canonical comparison 
isomorphism 

AomF^{H°{A^p^,n\,J,Fy) ^ GdR.„(Fp.F(^))/F° 
maps Ja,e„ to Vy/F^Vy (see §5 in [ 8 ]). 

In this case it is also shown in [ 8 ] that there is a natural short exact sequence of perfect complexes 
of Zp[G]-modules (with vertical differentials) 

0 -^ Vy/F°Vy — -^ Vy © Vy/F^Vy - -^ Vy -^ 0 


(l-ip„,7r) 

l-(pv 


id ^ 


0 -^ 0 -^ Vy -^ Vy -S- 0. 

Here the term Vy/F^Vy in the first complex occurs in degree 1 and tt is the tautological projection. 
Further, the exponential map of Bloch and Kato maps the cohomology in degree I of the second 
complex bijectively to F[j{ky,Tp^F(,A)) = A*'{Fy)p and the differential 1 — ipy oi the third complex 
is injective. For a proof of all these claims see Lemma 4.5 (together with Example 3.11) in loc. 
cit.. The long exact sequence of cohomology of the above exact sequence thus gives rise to a 
short exact sequence of Zp[G]-modules 0 —>■ Ja.f„ —>■ A*{Fy)p -A cok(l — </?„) —>• 0, in which 
(following [8, Example 3.11]) the second arrow is equal to This sequence then implies that the 
term [0] © A\Fy)^[-l], is equal to 

XG.p(cok(l - (/?„)[- 1],0) = 9g,p((1 - Pv I Dcr^yiVp^FiA)))) = 6G,p{Ly{A,F/k)) 
and by summing over all places v in Sp this implies the claimed equality. □ 

For each a G E(fc) we fix an embedding a € Eo-(F). 

Lemma 4.5. In K(^{fLp[G],’Cp[G\) one has 

XG.p{h^!p[0]® JA,Fy[-l], lil) 

= -d- {Of,p,ff,Yf,p) + 5G,p{j*{wao{.F/ kY V.{A, F/ k))) . 


Proof. For each place v in S'k we define Ty in G via the equality Ty(ay) = co dy. For each integer a 
in [d] we then define an element 

Xy,a ■= 5(1 + Ty)dy ©z Jy,a + ^(1 “ Ty)dy ©z 'Ipa 


and we note that, since p is odd, the set Xy 
For V in Sc and a in [2(i] we set Xy^a ■= dy 


oi H 


F/k 


{Xv,a}a&[d] is a Zp[G]-basis of 

"fy^a and note that Xy := {xy^a}aGl 2 d] is a Zp[G]-basis 
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We next set n := [fc : Q] = |S'r| + 2|S'c| and fix an C>fe^p[G']-generator Z of and a Zp-basis 
{zm}meln] of Ok,p and set tm,b ■= Zzm with Lol the element of Homfc (A*, fc) that is 

dual to ujb- Then the set T := {tm,b}{m,b)(^[n]x[d] is a Zp[G]-basis of Ja,Fp- 

The key to our argument is to compute the matrix of with respect to the bases T and X := 
Xy of (F(g)fcHomfc(i7°(A*, k)) and To do this we hnd it convenient to 

introduce an auxiliary basis. Thus, for v in Sr we set := {yv,b}b&[d] with yy^i, := ay ay^^:{ujl), 
and for v in Sc we set := {yv,b}be[ 2 d] with := ay 0z if 6 G [d] and := ay 0z 

c(tT„,,(a;J)) if 6 G [2d] \ [d]. Then y := is an ]R[G]-basis of 0„g5_^ kyYy^p ®fe„ {ky 0k, 

Homfc(id°(A*, n^t), A:)) and for each index a one has 

^ \ - j Si=l + Ty) + ^y,a,ji^ - T-v))yv,j, T II £ Sr, 

v{ v,a) ]^J2T=l^v,a,jyv,j, if II G 

with j := and fly,a,j '■= Xy„ „ if a G [d] and fiy,a,j '■= if a G [2d] \ [d]. 

This formula implies that the matrix of yi with respect to the bases X and T is where 

<I> = diag((<i>„)„gs^) is a diagonal block matrix with blocks 


3>„ := 




{^v,a,j ) 


e [d] X [d] 


(aj)e[2d]x[2d] 


if U G Sr, 
if u G S'c 


and M is the matrix in GL„d(C[G]) that represents the isomorphism (6) with respect to the bases 
T and y so that 




{ <^v{Za) J2gGG^v{g{Z))g-^ 

<^viZa) T,geG^v{g{Z))g-^ 

COay{Za) J2gcG'^°^v{9iZ))g~~^ 

0 


if u G ^R and a = j, 
if w G and a = j, 

if w G and a = j + d, 

otherwise. 


Writing [M i$] for the class of M ^<1) in Afi (Cp[G]) one therefore has 


(14) xg,p{h^!p[0] 0 Ja.f,[- 1], Ml) = dG,p{[M-^^) 

= fc,p(Nrdcj,[G](-W~^‘&)) = -<^G,p(Nrdcp[G](-^)) +'5G.p(Nrdcp[G](‘J’))- 


Now M is equal to the product M 1 M 2 for the block matrices Mi = (o'('2^a).^d)^g2(fe) aG[n] 
M 2 = diag((X]pgG'^(ff(^))5~^)-^t')aeE(fc) Nrdc[G](^) is equal to the product 


Nrdc[G](A^i)Nrdc[G](A4^2) = Nrdc[G] ((ci( 2 :a))<T,a)‘^ Nrdc[G] (diag(^^ a{g{Z))g 1 ) 

^ peG 

= Nrdc[G]f(ci( 2 a)^d-(g(Z))g-i) ) . 


d 


In addition, [a{za) Sg^G ^igiZ))g ^ is the matrix of the natural isomorphism irp : Cp0Q^ Fp = 
Cp 0Zy Yf,p with respect to the Zp[G]-bases {Zza}ae{n] and {o-}CTgE(/c) of Gf,p and Yp^p and so 

o'(^a) ^ 

geG 


(15) (5G,p(Nrdcp[G](A^)) = d-aG,p 


{9{Z))g~ 


] = d-{Op^p,Fp,Yp^p'). 
J a,(T J 
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Next we note that Nrdcp[G] (‘^’) = Nrdcj,[G] (‘I’t;) and that for each v in Soo also Nrdcp[G] (‘I’t;) = 


Ev<Gir(G) detCp | with 


detcp 


lP 

^ci[fc„:R]\ _ fdet((f2^jj^^)a,j) ” ■ det((rip ” if i; G 


if i; G Sc- 


Now if V is real, then det(n+^j)o,j = 177+ • fl+(A) and det(n“^_^)o,j = i77“ • ■ ^~iA) with ii7+ and 

177“ in {±1}, whilst if v is complex, then det(r2„_aj)aj' = vc/y ■ with vuy in {±1}. Thus, 

since each of the terms 

= NrdQp[G] (i77+ (1 + t„)/2 + i 77“(1 - r«)/2) 

■iAGlrp(G) 

if V is real, and X]iA6irp(G) = NrdQp[G](i77^) if v is complex, belong to the kernel of fc,p, we 

conclude that 5G,p(Nrdcp[G](‘l’)) is equal to 


^i/feIr(G) vGSc 

=^G.p^( E ^oo(V')'^e^) ( E 


b(i) 


■iAGlr(G) 


V'elr(G) 


--SG,p(w^iF/kf-il{A,F/k)y 


This formula combines with (14) and (15) to give the claimed formula for the term XG,p{Ha p M 
-^A.Fp[-l], fJ-i)- 

This completes the proof of Theorem 4.3. 


□ 


5. Congruences between derivatives 

We assume in the sequel that, in addition to the hypotheses (a)-(h), the following standard 
conjecture is also valid. 

(i) For each finite set of places S of fc and each character ij) in Ir(G) the S-truncated i/i-twisted 
Hasse-Weil L-function L-c{A, ij;, s) of A has an analytic continuation to s = 1 where it has a 
zero of order := dimc(V^ ®z 41(F)) . 

Here G acts diagonally on the tensor product and so r.^ is equal to the multiplicity with which ip, 
and hence also ip, appears in the representation C i8)z A{F). 

For each ip in Ir(G) we then write L^{A,ip, 1) for the the coefficient of (s — 1)’'*^ in the Taylor 
expansion at s = 1 of Ls{A, ip, s). 

In this section we use the computations of §4 to give a reinterpretation, under the hypotheses (a)- 
(i), of the appropriate case of the equivariant Tamagawa number conjecture of [16, Conjecture 4] 
as a family of congruence relations between the leading terms Lg {A, ip, 1) as ip varies over Ir(G). 
We next discuss several consequences of this reinterpretation and then, motivated by the results 
of [18], we specialise to the case that the (p-completed) Mordell-Weil group A{F)p is a projective 
Zp[G]-module. In this case we prove results that will subsequently enable us in §6 to give some 
important new theoretical and numerical verifications of [16, Conjecture 4]. 
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5.1. The general case. If A and F satisfy the hypotheses (g) and (i), then [16, Conjecture 4] for 
the pair asserts the validity of an equality in i^o(Z[G],]R[G]). In such a case we 

shall say that the ‘eTNCp for {h^ {A/p){\)^ ^[G]) is valid’ if for every isomorphism of fields j : C = Cp 
the predicted equality is valid after projection under the homomorphism jo,* defined in (4). 

If p does not divide |G|, then the algebra Zp[G] is regular and it is straightforward to use the 
techniques described in [15, §1.7] to give an explicit interpretation of these projections. If p divides 
|G|, however, then obtaining an explicit interpretation is in general very difficult (see, for example, 
the efforts made by Bley in [3, 4]). 

The following result is thus of some interest since, as we shall see later, it can be combined with 
the structure results obtained in [18] to show that under certain natural conditions one can explicitly 
interpret, and verify, the eTNCp for {h}{A/p){l),'L[G\) even if G is non-abelian, p divides JG] and 
the rank of A{F) is strictly positive. 

For each non-archimedean place v of k, we decompose the non-ramified characteristic Uy as 
Sv'Gir(G)with each Uy,-,/, in C^. For each ip in Ir(G) we then define a modihed global 
Galois-Gauss sum by setting 

(16) T* (Q, Ind^ -ip) := ■ r (Q, Ind^ ip). 

with := n«GS^ 


Theorem 5.1. Assume that A and F satisfy the hypotheses (a)-(i). Then the element 


r,* _ 

■'A,F/k ■— 2^ 6b 

beir(G) 


4^(A,^,l)-r*(Q,IndQi/>)^ 
VL{A,1p) ■ Woai'f’Y 


belongs to C(C[G])^ and the eTNCp for {h}{Afp)(l),'l,[G\) is valid if and only if for every isomor¬ 
phism of fields j : C = Cp one has 


(17) 


<5G.p(j*('CA,E/fc)) = Xj{AF/k) 


Proof. Since Y Y ^ for all ip in Ir(G) the element C\ p^, clearly belongs to ()(C[G])^. 

We next recall that [16, Gonjecture 4(iv)] for the pair {}A{A/p){l),lj[G\) asserts 

m{h\A,p){l),T[G]) = -5g(G*(q[g]/»'(^/f)(1),0)) 

where 5g is the ‘extended boundary homomorphism’ C(R[G])^ —>■ iFo(2[G],R[G]) defined in [16, 
Lemma 9] and L*(jjjgjh^(T/p’)(l), O) is the leading term at s = 0 of the C(C[G])-valued L-function 
defined in [16, §4.1]. 

Noting that for each isomorphism j : C = Cp one has = ^G,p°j*y a-nd recalling the result 

of Proposition 4.2, it follows that the eTNCp for (^h^{A/p){l),Z[G]) is valid if and only if for every 
isomorphism j one has 

Sg,p(j*{L (q[g]/i^(^/f)(1 ),0))) 

= Xj{A,F/k)+xfYAF/k)- SG,p{Ly{A,F/k)). 

veSuSp 

Now hypotheses (e) and (h) combine to imply that Sp = {S U Sp) \ (S'b U Sp) and for each place v 
in this set the term Ly{A,F/k) is equal to the value at s = 0 of the Euler factor at v that occurs in 
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the definition of (by [16, Remark 7]). In view of the formula for x]°^{A,F/k) 

that is given in Theorem 4.3, one therefore finds that the above equality is valid if and only if 



n{A, F/k)-w^{F/kY 


)) =xYA,F/k). 


It now suffices to show that the quotient on the left hand side of this equality is equal to 
and this follows from a straightforward comparison of all of the terms involved and then noting that 
the definition of the truncated L-function implies O) = 

Ev.Glr(G)eV>^S,(A'</’,l)- □ 


If it is valid, then the equality (17) can be combined with the theory of organising matrices 
developed in [17] to extract from the element a range of detailed information about the 

arithmetic of A over F. To give an explicit example of such an implication we assume, motivated by 
the results of Theorem 2.7 and Corollary 2.10 in [18], that there exists a surjective homomorphism 
of Zp[G']-modules of the form 

^ : Selp(7lF)'' ^ n = RP’- © 

where 11 is a trivial source Zp[G]-module, RP'’ is a projective Zp[G]-module and tt induces, upon 
passage to G-coinvariants, an isomorphism A(k)* = R^ (via the relevant canonical short exact 
sequence of the form (1)). The notion of ‘trivial source Zp[G]-module’ that we use here corresponds 
to the one defined in [18, §2.3.2]. For the purpose of applying the result [17, Corollary 2.13] to 
prove Proposition 5.2 below we however warn the reader that this terminology differs from the 
one introduced in §2.2 in loc. cit., where trivial source modules are instead called ‘permutation 
modules’. In this case we also write Tpr for the subset of Ir(G) comprising characters for which 
the homomorphism e^(C ©z tt) is bijective and then define an idempotent in ([(Q[G]) by setting 
6 pr ■= ®V'- 

Given a natural number m and a matrix M in Mm(Zp[G]) we write M' for the corresponding 
‘generalised adjoint matrix’ in Mm(Qp[G]) that is defined by Johnston and Nickel in [34, §3.6]. We 
then write Ap{G) for the (((Zp[G])-submodule of C(Qp[G]) given by the set 

{xeC(Qp[G]) : if m > 0 and M £ Mm(Zp[G]) then xM' G Mm(Zp[G]) |. 

For more details about this module see Remark 5.4 below. 


Proposition 5.2. Assume that A and F satisfy the hypotheses (a)-(i) and that the equality (17) is 
valid. Fix a surjective homomorphism of'Lp[G]-modules 

TT : SelpiApY R 

as above and an element a ofAp{G). For each homomorphism 9 : A*{F)p —>■ A[F)* ofXp[G]-modules 
and each isomorphism of fields j : C = <Cp set 

RY0) := Nrdcp[G]((Cp ©Zp 0) o (A^^^)”'). 

Then for each such 9 and j the element a Rj{0) j*{C*A pjif) belongs to Zp[G] and annihilates 
both modules RIp(R^) and R"P“'. In particular, the element 


C 


A,F/k 


i/>Glr(G) 


Lsr{A,ip, 1 ) 


And^ifY 


R(R, V”) • WaoiYY 


is such that a- j*{^A,F/k) belongs to Zp[G] and annihilates RIp(R^). 
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Proof. Hypothesis (a) implies that the module A*'{F)p is Zp-free. Lemma 4.1 therefore implies, in 
the terminology of [17], that i?r f[k,Tp,p{A)) is an admissible complex of Zp[G]-modules and equa¬ 
tion (17) asserts that j*(£])j is a characteristic element for the pair (^RTf{k,Tp^F{A)), 

The first claim is therefore a direct consequence of [17, Corollary 2.13] and the isomorphisms 

mp(HV) ^ ^ (SelpiApr)^^^ ^ H^{RTfik,TpAA)))^^^, 

where the first isomorphism is induced by the Cassels-Tate pairing, the second follows from the short 
exact sequence (1) (with L = F) and the last is a consequence of Lemma 4.1. 

To deduce the second claim we note that, under our hypotheses (a)-(i), the natural projection 
map 

SelpiApy ^ (Selp(Hf)^)g ^ Selp(Hfc)^ ^ A{k); =: H 
is a homomorphism tt of the required type. Further, in this case one has HP’’ = 0 and so hypothesis (i) 
implies Tpr is equal to [fj G Ir(G) : Ls^{A,ip,l) 7^ 0} and hence that CA,F/k = ^A.F/k^pr = 
^*A,F/k Spr- It therefore suffices to show that Rj{9)epr = Cpr and this is true because in this case the 
space Bpr Homc(C • A{F), C) vanishes. □ 

Remark 5.3. The conjectural equality (17) implies, via Proposition 5.2, a family of explicit con¬ 
gruence relations between the complex numbers A^tf) that are defined by the equalities A^if) e.^ = 
a Rj{0) as ip varies over Tpr. This is because 

aRj{e)j^{C\F/k)^pr= X! = \G\~^^9 X! V'(1)^(5)^(V’) 

'i/’CTpr geG ■i/’GTpr 

and this sum belongs to f{fLp[G\) if and only if the elements A{ip) satisfy all of the following 
conditions: 

(i) A(ip) G Zp[i/>] for all ip G Tp^; 

(ii) a{A{ip)) = A{aoip) for all ip G Tpr and a G Gq^(^)/Qp; 

(iii) E,/.eTpr V’(1)^(5)^(V') = 0 (mod JGJZp) for all g G G. 

Remark 5.4. Ideals of the form .4p(G) were introduced by Nickel in [41] and have been computed 
extensively by Johnston and Nickel in [34]. For example, if M = J^, then M' = so that 
Alp(G) C (p(pZp[G]) and it is shown in loc. cit. that this inclusion is an equality if and only if 
the order of the commutator subgroup of G is not divisible by p. More generally, for each M in 
Md(Zp[G]) the matrix M' belongs to Mm(Ad) for any maximal order Ai in Qp[G] that contains 
Zp[G] (cf. [41, Lemma. 4.1]) and so Jacobinski’s description in [33] of the central conductor of Ai 
in Zp[G] implies, for example, that for any Q)]-valued character ^ of G the element ^(l)“^lGle^ 
belongs to Zp[i/)] 0^^ Ap{G) where Ijp[ip\ is the subring of Qff that is generated over Zp by the values 
of Ip. This gives an easy ‘lower bound’ on w4p(G) (but which is, in most cases, not best possible). 

Remark 5.5. For the explicit computation of terms of the form XjiA, F/k) and Rj{d) occurring 
in Theorem 5.1 and Proposition 5.2 respectively in the case that G is cyclic of p-power order we 
refer the reader to [7] where, in addition, Theorem 5.1 is used in order to discuss further explicit 
(conjectural) properties of elements of the form a Rj(6) epr in such settings. 

5.2. The case of projective Mordell-Weil groups. In the rest of this article we consider the 
conjectural equality (17) in the case that A{F)p and A^{F)p are both projective Zp[G]-modules. (In 
this regard, note that if A is principally polarised, then the Zp[G]-modules A{F)p and A^{F)p are 
isomorphic.) This corresponds to taking the module H in Proposition 5.2 to be equal to HP’' = A{F)p 
and the more general case that H = A{F)* is a trivial source Zp[G]-module will be considered in a 
future article. 
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In the following result we use the notion of non-commutative Fitting invariant that was introduced 
by Parker [44] and studied further by Nickel [41]. 


Proposition 5.6. Assume that A and F satisfy (a)-(i). Assume also that A{F)p and A*{F)p are 
both projective Zp[G]-modules. 

Then the projective dimension of the Zp[G]-module IIIp(A^) is at most one and there exists an 
isomorphism bp : A{F)p = A*'[F)p of Zp[G]-modules. 

For each £ Ir(G) now set 


■= detcJ(Cp 


° '^A,F 


(PjoV- <S)zA\F)f) ec 


Then the equality (17) is valid if and only if the (non-commutative) Fitting invariant of the 
Zp[G]-module IIIp(A^) is generated by the set of elements of the form u ■ ^ ^ where u is in 

NrdQp[G](7Fi(Zp[G])) and 


C 


A,F/fc j',tp 


^ j* 
V-eiidG) 




L%{A,PA)-T*{qM 4 fby 
n{A, fj) ■ woc{i(y 




Proof. The assumed projectivity of A{F)p implies that its Zp-linear dual A{F)* is also a projective 
Zp[G]-module. The existence of an isomorphism bp therefore follows from Swan’s Theorem [22, 
Theorem 32.1] and the fact that induces an isomorphism of Cp[G]-modules Cp • A^{F)p = 

Home, (Cp 41(F), Cp) = Cp • 4l(F);. 

We now write G* for the complex A*{F)p A- A{F)p, where the first term occurs in degree one. 
Then, since A{F)* is a projective Zp[G]-module, we may choose a Zp[G]-equivariant section to the 
natural surjection 

H^Rrf{k,Tp^p{A))) ^ Selp(4l;^)^ ^ A{F); = HpG'). 

Since the kernel of this surjection is isomorphic (via the Cassels-Tate pairing) to inp(Al^), such a 
section induces a short exact sequence of Zp[G]-modules 

0^ H‘^{G') -A H‘^{RTf{k,Tp^F{A))) -A nip(A*^) ^ 0 

and hence also an exact triangle in F>P(Zp[G]) of the form 

G* ^ RTf{k,Tp^F{.A)) mp(A^)[-2] ^ G*[l]. 

In particular, since lIlp(Al^)[—2] belongs to IlP(Zp[G]), the projective dimension of the finite Zp[G]- 
module lllp( 2 l^) is finite, and hence at most one (by [12, Chapter VI, (8.12)]), as claimed. 

Further, if we use the cohomology sequence of the above triangle to identify Cp • i7*(G*) and 
Cp • F[^(RTf{k, Tp^f(^))[1 ]) in all degrees i, then this triangle combines with the additivity criterion 
of [11, Corollary 6.6] to imply that the element Xj( 2 l,F/fc) = —XG,p(-Rr/(A:, Tp_ir(A)), is 

equal to 

-XG.p (c*, A^;^/) - XG.p (UIp(41^) [-2], 0) 

= -XG,p{C\xZy)+XG,p{C\{Cp ip)-i) -XG.p(mp(4l*p)[-2],0) 

= ,5G.p(Nrdcp[G]((Cp ip) o A^^^)) -XG.p(nip(A‘^)[-2],0). 
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Here the first displayed equality is valid as XG,p(C*, (Cp (E>Zp t^p) ^) = 0 and the second because the 
difference -XG,piC', + xg,p(C*, (Cp ®Zp is represented by the triple {A\F)p, (Cp 

tp)oA:^y,H‘(i^)p). 

The equality (17) is therefore valid if and only if one has 
(iG,p(j*(CA,F/fe)-Ni'dcp[G]((Cp ip) o 

= SG.p{j*{^XF/k)) - ^G.p(Nrdcp[G]((Cp ®Zp ip) o 

= x,(Al, F/k) - <5G,p(Nrdc,[G] ((Cp ®z, ip) o AN;^/)) 

= -XG,p(nip(H‘^)[-2],0). 

In addition, one has Nrdcp[G] ((Cp 0Zp ip) o ~ i^/F)ejotp for each ij} in Ir(G') and 

so 

j*{^A,F/k) ' Nl'dCpfG] ((Cp (8)Zp ip) O ^A,f) — ^A,F/k,j,Lp- 

Given this, a straightforward exercise (comparing the explicit definitions of refined Euler characteris¬ 
tic and non-commutative Fitting invariants) shows that the above formula for XG,p(lIIp(H^)[—2], O) 
is valid if and only if Fitzp[G] (lIIp(A^)) is generated by the set of elements u ■ C\ ^ with u in 
NrdQp[G](Ad(Zp[G])), as claimed. □ 

5.3. Dihedral congruences for elliptic curves. We now investigate the criterion of Proposi¬ 
tion 5.6 in the case that A is an elliptic curve (so A = A*) and F/k is dihedral (in the sense of 
Mazur and Rubin [40]). 

Thus, as before, we have an odd prime p and a Galois extension F/k of group G with p-Sylow 
subgroup P and we assume that P is an abelian (normal) subgroup of G of index two and that the 
conjugation action of any lift to G of the generator oi G/P inverts elements of P. In particular, the 
degree of F/fe is equal to 2p"' for some n > 1 and K/k is a quadratic extension. We fix an element 
T of order 2 in G. We set 1 := 1g and write e for the unique non-trivial linear character of G. 

In the following result, we will be interested in the case when A has rank one over K. In this case 
we write pA for the unique linear character which does not occur in the C[G]-module C (gz A{K). 
Hence = 1 if rk(Hfc) = 0 and pA = £ otherwise. 

We also set Z' := Z[A]. 

Proposition 5.7. Assume that the elliptic curve A, odd prime p and dihedral extension F/k satisfy 
the hypotheses (a)-(e) and (g), that all places above p split in K/k, that rk(Hif) = 1 and that 
HIp(Hk) = 0 . 

Then HIp(Hir) = 0 and there is a point Q in A{F) with t{Q) = —(—I)'^'^M'=) Q which generates 
a TJ[G]-module that is isomorphic to Z'[G](l — (—1)’'''*-'^*’^ t) and has finite, prime-to-p, index in 
'll 0z A(F). 

In particular, one has rp^ = 0 and rp = 1 for all £ Ir(G) \ {pa\- 


Proof. Under the stated hypotheses, [18, Corollary 2.10(ii)] implies that HIp(Hir) vanishes, that 
Selp(Hp’)'^ is a projective Zp[G]-module and that the multiplicity with which each p in Ir(P) occurs 
in the representation Cp • Selp(Ali^’)^ is equal to one. 

Roiter’s Lemma (cf. [22, (31.6)]) therefore implies (via the exact sequence (1)) the existence of 
an exact sequence of Z'[G]-modules 


■Z'[G](1 - (-1 )'''^(^'=)t) 


W 


0 


I' ®z ^(F)tf 


0 , 
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where the group X is both finite and of order prime to p. 

Since the group A(F)tor is also finite of order prime to p (by hypothesis (a)) it follows that any 
point Q of A{F) whose projection in is equal to the image of 1 — (—multiplied by 

a large enough power of 2 has the properties described above. 

The above description of Z' (g)z A{F) also implies that the C[G']-module C ®z A{F) is isomor¬ 
phic to C[G](l — (—and the claimed formulas for are then easily verified by explicit 
computation. □ 


For each subgroup H of G and character p in li(H) we set 


Tp:=Y,Pih-^)h€C{C[H]). 

heH 


For any point R of A{F) and any ^ G Ii'(G) we then define a non-zero complex number 


hp^jf,{R) 


V>( 1 ) 

2|G| 


• (r^iR), T^iR))^ 


where (•, •)f is the C-linear extension of the Neron-Tate height on A, defined relative to the field F. 

In the next result we assume the hypotheses of Proposition 5.7 to be satisfied and fix a point Q 
as in that result. For each ip € Ir(G) we then obtain a non-zero complex number by 

setting 


(18) 


Qip — tiip • 


L*sSA, Ip, 1 ) 

VL{A,ip) ■ Fl^ 


where the quantity is as in (16). Further we define 

di = \dk\, d^ = \dK/dk\, and di„dg(x) = I ’ ^/(x) 
for all X G Ii'(^’) \ {Ip} and 


Flp^ = 1 and = hF,,p{Q), for all ip ^ pA- 


Here dp denotes the absolute discriminant of a number field E and for any finite dimensional complex 
character ip of Gp we write Nf{ip) for the absolute norm of its Artin conductor. 

We also note that hypothesis (i) combines with Proposition 5.7 to imply that the leading term 
L*g^{A, Ip, 1) is equal to the value Ls^{A, ip, 1) for ip = pA and to the first derivative L'g^{A, ip, 1) for 
Ip in Ir(G) \ {pa}- 


Theorem 5.8. Fix an odd prime p, a dihedral extension F/k of degree 2p" and an elliptic eurve A 
over k. Assume that A and F satisfy the hypotheses (a)-(h), that all places above p split in K/k, 
that vk{AK) = 1 and that inp(Aif) = 0. Fix a point Q in A{F) as given by Proposition 5.7. 

Then the equality (17) is valid if and only if the following conditions are satisfied. 

(i) For each ip in Ir(G) the number defined above belongs to Q{ip), is a unit at all primes 
above p and satisfies (Qi/,)“ = 2^° for all a in Gal{Q{ip)/Q). 

(ii) For all p £ P one has a congruence 

(19) QiG-Qe = - XI x{t^) Qindfix) (modp”Z(p)) 

XGlr(P)\{lp} 

where Z(p) denotes the localisation of Z at p. 
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Remark 5.9. If Q' is any element of A{F) with T^{Q') 7 ^ 0 for all ip G Ir(G) \ {pa], then for each 
Ip G Ir(G) one can define a non-zero complex number Q'^ = Qq',^, just as in (18). Our proof of 
Theorem 5.8 will actually show that if the conditions (i) and (ii) are valid with each replaced 
by Q'^, then Q' is a Zp[G]-generator of A{F)p and the equality (17) is valid. 

Remark 5.10. If n = 1, so the extension F/k in Theorem 5.8 is dihedral of degree 2p, then each 
term x( 7 r) is congruent to 1 modulo the unique prime above p in Q(x) and so the congruences (19) 
reduce to a single congruence 

( 20 ) Qic • Qe = -2 ^ (mod pZ(p)). 

i/;eIr(G) 

dim(y’)=2 

Proof of Theorem 5.8. It suffices to prove that the criterion of Proposition 5.6 is valid if and only 
if both the condition (i) and the congruences in (19) are valid. Now, since IIIp(Ai 7 ’) = 0 (by [18, 
Corollary 2.10(ii)]), the criterion of Proposition 5.6 is equivalent to asking that the element C\ 
belongs to ker((5G,p). In view of Lemma 5.11 below it is thus enough to show that the condition (i) 
and the congruences in (19) are valid if and only if the element C' := 7*(X]i/>Gir(G) belongs to 

ker(^G.p)- 

To investigate the element 5g,p{C) we fix a maximal Zp-order fOlp in Qp[G] that contains Zp[G]. 
Then 6g,p[C,') belongs to the subgroup i^o(^p[G], Qp[G])^^^ of Ktj(Zp[G],Cp[G]) if and only if C G 
NrdQp[G] (SO^p ) and this condition is satisfied if and only if the conditions of Theorem 5.8(i) are valid 
(for more details of these equivalences see the proof of [16, Lemma 11]). 

It thus suffices to show that an element £ = J2,peir{G) blrdo^fc] (iHp ) C ©. 0 gir(G) Qp{4’) 

belongs to ker(^G,p) if and only if the congruences in (19) are valid with each term replaced by 
and with Z(p) replaced by Zp. But, from the results of Lemma 5.12(i) and (ii) below, one has 
5g,p{£) = 0 if and only if res(£l) G Zp[P]^, and by Lemma 5.12(iii) this is true if and only if the 
congruences in (19) are valid after making the changes described above. 

This therefore completes the proof of Theorem 5.8. □ 


Lemma 5.11. There exists an isomorphism of 'Zp[G]-modules ip : A{F)* -A A[F)p sueh that 
£*AF/kjL 6?^®^ to the element C ■= j*iJ2,peiv(G) defined above. 


Proof. We claim first that for each p G Ir(G) there is an equality 


( 21 ) 


r*(Q,Indgp) 
Woo ip) 


[ Ulg y/\ch\ = (-l)l-^--l v W: ifp 

■\ We = (-1)''®'' \/kW^, if P 

[up^/\dK\Nfix), ifp 


1g 

e 

IndpX 


where x S Ir(P) \ {Ip} and with denoting the subset of comprising places which split in K/k. 
To prove this we note that for each p in Ir(G) one has 

(22) • T* (Q, Ind^ p) = r (Q, Ind^ p) = ^ • T(fc, p), 

where the first equality follows straight from the definition (16) and the second from the result of [37, 
Theorem 8.1(iii)]. 

Now if p = 1 g, then r(A:, p) = 1 and = Cp for all v in so Up = (—l)l‘^b^ whilst it is clear 
that Wooip) = and so in this case the equality ( 21 ) is an immediate consequence of ( 22 ). 
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Next we note that e = Indp(lp) — la and hence that [37, Theorem 8.1(iii)] implies 
r(fc,e) = = T(fc,Indp(lp)) = 


where is the set of real places of k that ramify in Kjk and dx/k the absolute norm of the different 
of K/k. One then obtains the claimed equality (21) by substituting this formula for r(fc, e) into (22) 
and then using that fact that Woc(e) = whilst = (—l)l'®rl since det(— Fr^, | F/™) is equal 

to —1 for V G S^. and to 1 for u S S'r \ S'^.. 

Finally we assume that p = Indp x with y £ Ii'(F) \ {Ip}- Then, just as above, one finds that 


r(fc, p) =T{k, Indp(lp)) • t{K, x) 




141 




where W (x) is the Artin root number of x and Woo (x) the infinite part of the Artin root number 
of X and the final equality follows from the very definition of t{K,x)- Now Woo(x) = 1 since no 
archimedean place ramifies in F/K. In addition, the inductivity of Artin root numbers implies 
W{x) = W{p) and so, since p is an orthogonal character, the main result of Frohlich and Queyrut 
in [29] implies that W(x) = 1- Thus, upon substituting the last displayed expression into (22), and 
noting that Woo{p) = one obtains the claimed equality (21) in this case. 

Having proved (21), we now write 9q for the generator of the Zp[G]-module A{F)* that sends Q 
to 1 and g{Q) to zero for each non-trivial element g of P. We then define Lp to be the isomorphism 
of Zp[G]-modules A{F)* — >• A{F)p that sends 0q to Q. 

One computes that ((Cp Cp) o = J*(Pq)(Q), where Pq is the resolvent element 

J2gGp{Q^9{.Q))p ■ 9 in Cp[G], and also that 0Q(ip(i?)) = d{Q) for all d G A{F)*. 

Proposition 5.7 implies rp^ = 0 so R^J’i!p{AfF) = 1 = and also that for each '0 G Ir(G)\{pA}, 
the complex vector space (F/, Oz A{F))^ = C[G] • T^{Q) has dimension one and hence R^'^^’^{A/f) ■ 

U(Q) = ((Cp ®z, o) o (T^iQ)). 

Now, for any d G A{F)* and P G A{F) one has T^{d){P) = d(Tf{P)'^ where we write x i—>• 
for the Zp-linear involution on Zp[G] that inverts elements of G. In addition, for each tli ^ pA one 
has 


T^{0q){t^{Q)) = E E 'P{9-^)i’ih-^)(^Q{9~"hQ) 

q^G h^G 

= E ^ 0(g"^) 0(rg"^) 

sgG seG 


because g ^hQ is a multiple of Q only when h = g or h = gr. The first sum here is always equal to 
|G|, while the second is equal to |G| for 0 = 1, to — |G| for 0 = e and to 0 otherwise. Hence, writing 
d for {T^{Q)) , we find that 
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.p) o X^^y{T^iQ))) 

= 0q(t|((Cp 0 z , ^p)(^?))) = 0q{{Cp 0 z ^ h){Tfm)) 

= {Tfm){Q) = HT^(.Q)) =j{{TAQ),T^(.Q))p) = ^^jihpAQ))- 

Upon substituting this equality and (21) into the definition of C*j^ F/k j l obtains the element 
as required. □ 


In the next result we write Ol for the valuation ring of a finite extension L of Qp. 

Lemma 5.12. Write 911p for the integral closure of Zp in Qp[P]. 

(i) The following diagram commutes 


NrdQ,[G](9^^) 


Nrd, 


'Qp[Gl 


i(a:i^i(Wlp) ^ifi(Qp[G])) 

9 g,p 

Ko(Zp[G],Qp[G]),^^- 




Nrd, 


Qp[P] 


: K,{m'p) ^ K,{Qp[P])) 

^P,p 

^ KoiZp[P],Qp[P]),,,- 


Here res is the homomorphism that sends an element E,/igir(G)(SDlp ) C 
C(Cp[G])^ = fi^f,eeip +J2^^h{p)\{ip} ^indf next a and P are the natural 

scalar extension homomorphisms, res' and resp q the natural restriction homomorphisms and 
P'q p and dpp the restrictions of the connecting homomorphisms dG,p and 9p,p. 

(ii) The homomorphism reSpQ is injeetive. 

(iii) Fix £ := Ex6ir(P) ^x®x inside dJl'^ = Exeir(p) (x)®^‘ £ belongs to Zp[P]^ if and 

only */Exeir(P) x('^)”^^x belongs to |P| • Zp for all tt in P. 


Proof. To prove claim (i) we fix a set of representatives Ir(P)f of the orbits of the action of Gq^ on 
Ir(P) and abbreviate the functor Indp(—) to Ip(—)■ 

The commutativity of the lower square of the diagram follows from the naturality of the long exact 
sequences of relative ii'-theory. To consider the upper square we use the Qp-algebra isomorphisms 

WG : Qp[G] = Qp X Qp X l[ M 2 (Qp(I?(x))) 

xeir(p)t\{ip} 

and ujp : Qp[P] = nxeir(p)t Qp(x) where ucig) = ('S'iG(x)(5))x)> with 5 iG(^) a representa¬ 

tion G — >■ M 2 (Qp(Ip(x)) of character Ip(x), and ujp{tt) = {x{'^))x ®ach g € G and tt G P. Taken 
together these isomorphisms induce a diagram 
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Q^xQ^x n Qp(ip(x))^ 

xeir(p)t 

Xt^Ip 


n Qp(x)'' 

X6lr(P)t 


(det,det,(det)^) 


(det)x 


K^iQp) X K,{Qp) X n ^i(m2(Qp(Ip(x)))) 

XGlr(P)t 

x/ip 


n i^i(Qp(x)) 

XGlr(P)t 


Ki{ujg) 

ifi(Qp[G]) 


Ki{ujp) 

Ki{Qp[P]) 


in which the left and right hand composite vertical arrows are equal to NrdQp[G'] and NrdQp[p] and 
res is defined to make the diagram commute. To complete the proof of claim (i) it thus suffices to 
show res sends each element (a, d, (ax)x) [aa, (a^)x) and this follows from the argument used by 
Breuning in [10, Lemma 3.9]. 

To prove claim (ii) we recall a group is said to be Qp-elementary if it is isomorphic to a group 
(Z/nZ) X J where J is an ^-group for some prime i that is coprime to n and the image of the 
homomorphism J —>• Aut(Z/nZ) = Gal(Q(e“^)/Q) belongs to the decomposition subgroup of p. 
This means that a subgroup of G is Qp-elementary if it is either a subgroup of P or of the form 
{C,t') where C is a cyclic subgroup of P and t' an element of order 2. We consider the exact 
commutative diagram 


•/^i(Qp[G]) 


■ Ko{Zp[G],Qp[G]) 


Ki{Zp[G]) 


A:i(Zp[iL])-A:i(Qp[iL])- ^]^^Ko{Zp[H],Qp[H]) 


where the limits are over all Qp-elementary subgroups H of G. The transition maps are the homo- 
morphisms induced by inclusions H P[' and by maps of the form P[ —>■ gHg~^ for g € G and all 
vertical arrows are the natural restriction maps. By a theorem of Dress [27] (see also [43, Theorem 
11.2]), the maps ai and Oi 2 are bijective and hence is injective. Now A'o(Zp[i7],Qp[i7])^^^ is 
trivial whenever H has order prime to p and in [10, Proposition 3.2.(2)] Breuning has shown that 
the restriction map iXo(Zp[7f],Qp[i7])j.^^. —>■ iXo(Zp[C],Qp[C])^^^ is injective for any subgroup H of 
the form {G,t'). The map therefore restricts to give an injective homomorphism 

iXo(Zp[G],Qp[G])^^^ ^ lmiXo(Zp[J],Qp[J])^^^ - Xo(Zp[P],Qp[P]),„^, 

J 

where J runs over all subgroups of P, as required to prove claim (ii). 

Claim (iii) follows from the equalities 

xelr(p) ti-GP TreP ^ xelr(P) ' 


and the fact that Zp[P]^ = Zp[P] fl SDlp^. 


□ 
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6. Special cases 

In this section we use the criteria of Theorem 5.8 to give both theoretical and numerical verifi¬ 
cations of the p-part of the equivariant Tamagawa number conjecture for pairs {h}{A/p){l) 
where A is an elliptic curve for which A{F) has strictly positive rank and G is both non-abelian and 
of order divisible by p. 

We believe that, apart from the recent results of Bley in [5], where the group A{F)p is assumed 
to be trivial and the field F to be an abelian extension of Q of exponent p, these results constitute 
the first verifications of the p-part of the equivariant Tamagawa number conjecture for any elliptic 
curve and any Galois extension of degree divisible by p. 

We begin by giving the proof of Theorem 1.1, which relies on the theory of Heegner points and 
makes crucial use of the theorem of Gross and Zagier. We note that the additional hypotheses in 
Theorem 1.1 imply the validity of hypothesis (i). In addition, Kolyvagin [31, Proposition 2.1] shows 
that in this case one has Tilp{AK) = 0. In particular one knows that the p-primary part of the 
Birch and Swinnerton-Dyer conjecture holds for A/p^. Furthermore, the hypotheses (d) and (h) are 
obviously satisfied in the setting of Theorem 1.1. 


6.1. The proof of Theorem 1.1. In view of Theorems 5.1 and 5.8 we are reduced to verifying the 
conditions (i) and (ii) that occur in the latter result. 

To do this we fix a modular parametrisation p: Xq{N) —>■ T of smallest degree. We also denote 
by c the Manin constant of p and write Q for the trace in A{F) of the Heegner point that is defined 
over the Hilbert class field of K. 

Set C := 4Coo • • \ 0^\ and Coo = [4l(K.) : H°(R)] is the number of connected components of 
H(R). Under our hypotheses, the theorem of Gross and Zagier (see, in particular, [32, §1, (6.5) and 
the discussion on p. 310]) implies that for each x G Ir(P) one has 


(23) 


0^ 


(H)H5o(A) 


= C'-^(r^(Q),rx(Q))^ 


C ■ /iF.IndG(x) (<3): if X Ip 

C-hpp'JyQ)-, ifx = lp, 


where is the linear character of G appearing in A{K) and oo denotes the archimedean place 
of Q. The second equality here follows from the equality ^Indg X = T-^ + T-^ and the fact that 
{T^{Q),T^{Q))F = 0 (since the height pairing is G-invariant). 

For each ip in Ir(G) we set 


(24) 


L*{A,1p, 1) • 

n{A,^)-H^ 


where the quantities and Fl^ are as defined just before Theorem 5.8. We also write 


(25) 


L%{A,iPA) 
^ L*(H, 1/1,1) 


for the correction term that accounts for the S'r-truncation in the leading terms for each ip G Ir(G). 
Then the non-zero complex number := ■ Q.,p is as in Theorem 5.8 using our Heegner 

point Q. By using (23), and the fact that = did^ = [difl for all ip of dimension two (as F/K is 
unramified), one then finds that 

Qi ■ Qe = ui ti Ue G • G, and 

. G Hip = Indp X for X € Ir(P) \ {Ip}. 


(26) 
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Our hypotheses imply that A{K) has rank one and 111p{Ak) vanishes by Kolyvagin [31] and hence 
all of the hypotheses of Theorem 5.8 are satisfied except for the requirement that p splits in K/Q. 
However, the sole purpose of the latter hypothesis is to ensure (via the proof of Proposition 5.7) 
that the Q[P]-module Q A{F) has a free rank one direct summand and so, since (23) implies 
that the point Q generates such a summand, this hypothesis can be ignored in our case. Following 
Remark 5.9, it therefore suffices for us to prove that the terms satisfy both the conditions of 
Theorem 5.8(i) and the congruences (19). 

Since the p-part of the Birch and Swinnerton-Dyer conjecture holds for A/^y the hypotheses (a) 
and (b) and the known vanishing of UIp^Ak) combine to imply that Qi and Qe are both p-units. 
The hypothesis (c) implies that A has good reduction at p and so the hypothesis (ii) combines 
with [1, Theorem 2.7] to imply that the Manin constant c is a p-unit. Using also the fact that p is 
unramified, we find that C is a p-unit too. 

We proceed to compute the values of up, and tp,. Since FjK is unramified, we have that each 
ramified place v in has ramification index 2 and v does not split in KjQ^. It is easy to see that 
Ue = l and that ux = up = (—l)l'^'l for all tf) of dimension two. Next, for any ip in Ir(G), we have 


tp= Y[ Nrdc^[G](l - Fr^^ [k^] ^ {Tp{A) (g) 


V^St 


and since no place of bad reduction is allowed to ramify by hypothesis (e), one has (Tp{A)0Vp)^'" = 
Tp{A) 0 . Hence U = 1 and = tp for all ip of dimension two. Moreover, this last value tx 

is equal to OdgS which is a p-unit by hypothesis (f). Therefore Qp is a p-unit for all 

Ip G Ir(G). 

Next we note that Qx ■ Qe = Qp for any ip of dimension two as we have shown that ux tx u^ = 
uptp. Since each element Qp also belongs to Q, this formula makes it clear that they satisfy the 
condition of Theorem 5.8(i). In addition, it shows that for any tt G P one has 

X(7r)2i„dgx = 2c • (-1 + x(7r))- 

xeir(P)\{ip} xeir(P) 


Finally we note that the last sum in the above expression is equal to 0 if tt 1 and to jPj otherwise. 
Hence the expression is in both cases congruent to Qx Qe modulo pZ(p), as required to complete the 
proof of Theorem I.l. 


6.2. S' 3 -extensions. In this section we investigate the case that F/K is a cyclic extension of degree 
p = 3 and hence F/k is a non-abelian extension of degree six. We show that the conjecture of Birch 
and Swinnerton-Dyer (or ‘BSD’ for short) implies an explicit congruence modulo rational squares 
and then combine this congruence with Theorem 5.8 to prove the equality (17) for a natural family 
of examples. 

We assume throughout that G is a non-abelian group of order six. In this case Ir(G) comprises 
1 := 1(3, e and ip = Indp y for a fixed x Ir(P) \ {Ip}. We fix a subfield L oi F that is of degree 
3 over k and set FI := 


6.2.1. An arithmetic congruence. For each character rj in Ir(G) we define 

L*{A,r], 1) • 


(27) 


Qrj : — 


D(H,p) • Hp 


Here the quantities dp are as defined just before Theorem 5.8 and we have set 


(28) 


Hx := Reg(H/fe), 


Pc := 


Reg(H/j^) 
Reg(H/fe) ’ 


and 


P/, := 


Reg(H/p) 

Reg(H/fe) 
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with Reg(A/£;) denoting the regulator of {■,-)e on the Mordell-Weil group A{E) for any field E. 
These slight variations of the regulators that we used earlier fit well with BSD and do not require 
any knowledge of the explicit Galois structure of A{E)p. In fact, BSD predicts that each expression 
Qri is a non-zero rational number. 

In the following result we include the assumed analytic continuation of the L-series and finiteness 
of the Tate-Shafarevich group in the assumption that BSD holds but do not assume any of the 
hypotheses (a)-(d) and (f)-(h). This result may therefore suggest one sort of congruence relation 
that might be expected to hold when our hypotheses fail. We note also that the remark made by 
Dokchitser and Dokchitser in the fourth paragraph after Conjecture 1.4 of [26] hints at the possibility 
of this sort of result in a more restrictive setting. 

Theorem 6.1. Let A be an elliptic curve over k and assume no place at which A has bad reduction 
ramifies in F/k. Then if the Birch and Swinnerton-Dyer conjecture holds for A/j^, Ajx and A/j^ 
one has a congruence modulo non-zero rational squares 

(29) Qi- Qe = Qti, (mod □). 


Proof. Fix a finite field extension E of k. If z; is a (finite or infinite) place of E, write c{A/Ey) for 
the number of connected components [A{Ey) : A{Ey)^'\ of A{Ey). For a finite place v in E, also 
write for a Neron differential of A/e„- Then BSD for the field E asserts that 


(30) 


L\A,eA)^\ 
LI{A/e) ■ Reg(yl/B) 


x{c{AiEy)- n 

all V finite v 


OJA 


,Ne 


|ffl(^u)l 

|4l(F;)torP 


where we write LI{A/e) for the period lines® (^) 'llneS^ f^n(^) of A over E, as defined in §4.4.1 
with respect to a fixed invariant differential oja of ^/fe. 

The term Qi is equal to the left hand side of (30) with E = k. Furthermore the products QiQe 
and QiQ^ link to the left hand sides of (30) for the helds K and L respectively. More precisely, one 
has 


Ql-Qe 


L {AjK, 1) x/MicI 
^{A/k) ■ Reg(i4/if) 


c{A/ky) 


where, as before, denotes the set of real places of k that become complex places in K. The 
formula for is modified by the same factor as there is exactly one complex place in L above 

each place in S'g. In proving this last formula one also uses the fact that = [dif] • Nf{x) is equal 
to [di/dfej since if = Ind^ 1h — 1- 

In addition, since we are working modulo squares, we may neglect the terms |III(i4e)| and 
|4l(i?)torP which occur on the right hand side of the formula (30). The required congruence (29) 
will therefore be proved if we can show for each place v in k that 


(31) c{A/ky) ■ n ciA/Ky,) = n c{A/Ly,) (mod □) 

w\v w\v 

in K in L 

and for each finite place v in k that 


(32) 


OJA 


,Ne 


V 


n 

w\v 
in K 


UJA 

..,Ne 


w 



in L 


Now, by our assumption, no place at which A has bad reduction is ramified in F/k and so the 
Neron differential for A over ky remains a Neron differential for A over both of the helds Ky, and 
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Lyj. Hence the equation (32) is valid for all finite places, because is in and one has 

[k ■.k] + [K ■.k] = [L : k]. 

Next we note that the congruence (31) only needs to be checked at places at which A has bad 
reduction (and which therefore do not ramify in F/k) and at infinite places. If the decomposition 
group Gy at a place above v in F is trivial, then both sides of this congruence are equal to c{A/ky)^. If 
Gy is cyclic of order 2, then there is one place w' in L with L^,/ = ky and one place w” with Ly,ii = Ky, 
for the unique place w above v in K and so both sides of (31) are equal to c{Ajky)-c{AlKyj). Finally 
we have to treat the case when Gy is cyclic of order 3 and hence the place v is finite. In this case the 
left hand side of (31) is equal to c{A/ky)^ while the right hand side is equal to c{A/Ly,) where Ly, is an 
unramified cubic extension of ky. If c{AjLyj) = c{A/ky) then we have indeed a congruence modulo 
squares. However it is possible that the Tamagawa numbers change in an unramified extension. 
Luckily, the only possibility for this to happen in a cubic extension is when the Kodaira type is Iq 
and then the change is from c{A/ky) = 1 to c{A/Ly,) = 4, see for instance Step 6 in [47] on page 367, 
and the congruence (31) holds in all cases. □ 

6.2.2. The connection to eTNCp. We now use Theorem 6.1 to show that, under the hypotheses of 
Theorem 5.8, the relevant cases of BSD imply the equality (17). 

Corollary 6.2. We assume that the elliptic curve A and field F satisfy the hypotheses (a)-(h). We 
assume also that G and L are as in Theorem 6.1 (so p = 3) and that the Birch and Swinnerton-Dyer 
conjecture holds for A over each of the fields k, K and L. 

Then the equality (17) is valid provided that HIp(Hj(') = 0, ik.{AK) = 1 and there exists a point 
Q in A(F) which generates a G-module of finite prime-to-p index in A(F) that is isomorphic to 
Z[G](1- (-1)^‘^(^'')t). 


Proof. First, we note that given our hypotheses (a), (b) and (e), our choice of uja (as in §4.4.1) and 
our assumption that Hlp(kljf) vanishes, the validity of BSD implies that the term is a p-adic 
unit for all p G Ir(G). 

Next we link to in Theorem 5.8, the difference being the terms Tip versus Tip and the 
terms and t^ (as defined in (25)). Using the explicit structure of A{F)p, it is easy to show that 


H.)!) — F[^i 


He if PA = 1 ^ ZJ -i Hi if PA = 1 

, ~ and £11 = \ 

\H^ ii PA = e (2 Hi if = £• 


where all congruences are modulo squares in namely the quotients are squares of indices, like 
the index of Z[G]Q in 4l(F). Up to squares in Z^^^ we therefore have a congruence 


1 

til ti Ue te 


Ql Qe 


1 

Utp t.ijj 


Qip- 


An argument similar to the one that concludes the proof of Theorem 1.1 hence implies that we will 
have verified the criterion in Theorem 5.8 if we show that ui ti rte G and up tp are 3-adic units that 
are congruent modulo 3. Writing Ny = |A(k„)| for the number of points in the reduction at a place 
V and Qy = \Ky\, we can summarise the computations of the local contribution to these terms at a 
place u G in the following table according to the type of ramification. Here Cy stands for the 
ramification index at a place in F above v and /„ for the residual degree. 
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€y 

fv 

det(— 

Ui Ue 

'liijj 

det(l — 
^1 

Fr-Uy^\{V,^Tp{A)y-) 
ie ^Tp 

2 

1 

-1 1 

-1 

^V / Q_v 

1 

IQv 

3 

1 

-1 -1 

1 

^v/Qv 

^v/Qv 

1 

3 

2 

-1 1 

1 

^v/Qv 

i Qw Qv / ^V 

1 


In the last line w denotes the unique place w in K above v. If a place v were totally ramified it must 
be above 2 or 3 as the tame inertia group is cyclic and it can not be above 2 because the wild inertia 
group is normal in the inertia group. Hence there was no need to list the totally ramified case as all 
places above p = 3 were assumed to be unramified by (h). From the table we can conclude that all 
the terms Ur; and are indeed 3-units by (f) and that 


Ml Me tx te 



with S'/ := {m I e.„ = 3 and /„ = 2}. 

Hence we are reduced to showing that —= 1 (mod 3) when e„ = 3 and /„ = 2. We first 
note that for such a place we must have qy = —1 (mod 3). Indeed, this is true because the map 
Oq : GsXl^Fy,! / Ky/) —>■ p,3{Kyu) in Corollaire IV. 1 in [45] is G-equivariant and, since Fyji/ky is dihedral, 
the action of r on pi^Ky,) is non-trivial. 

Finally, we have the equality Ny, = Ny ■ {2qy + 2 — Ny) valid for all quadratic extension of finite 
fields. Hence Nyj = —N/ = — 1 (mod 3). □ 


Remark 6.3. A closer analysis of the above argument shows that the hypotheses of Corollary 6.2 
may be weakened a little. One can allow places above 3 to be tamely ramified in F/k and can omit 
any assumption about the reduction of A at such places. In addition, one need only assume that 
the group A{Ky)[p] vanishes for places v that are both inert in K/k and ramify in F/K. 

Remark 6.4. For any prime p > 3, the methods used in the proofs of Theorem 6.1 and Corollary 6.2 
enable one to deduce from the assumed validity of suitable cases of the Birch-Swinnerton-Dyer 
Conjecture a congruence for the product ndim(i/j )=2 2b^ rather than for the sum X]dim(i />)=2 2b Aia.t 
occurs in (17). 

6.3. Numerical examples. In this final section we describe two numerical examples to further 
illustrate the predicted congruences in Theorem 5.8 and to explain how one can check these congru¬ 
ences for numerous examples. It is comparatively straightforward to give examples with p = 3 but 
Corollary 6.2 implies that there is limited interest in doing so. We therefore discuss examples with 
p = 7 and p = 5. 

Our numerical computations were done using Sage [48] , which uses underlying Pari-GP [49] . The 
computations of the L-values was done in Magma [9] which contains an implementation of [25]. The 
code can be obtained from the last named author’s webpage. 


6.3.1. A Stark-Heegner point example. We consider the example of the elliptic curve labelled 37al 
in Cremona’s tables [20] 

A: y = — X 

over the Hilbert class field F oi K = Q(-\/577). The curve has rank 1 over Q and K. The extension 
F/K is of degree p = 7 defined by a root ^ of the polynomial 

x^ — 2 x^ — 7 x^ 10 x'^ 13 x^ — 10 x^ — X 1. 
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All hypotheses (a)-(h) except the finiteness of III(Ai7’) in (g) can be verified easily. We find in [23] 
that there is a point 

Q= ^25®-4C^-14^^ + 17C^ + 30C^-7^-3, - 19C'‘- 2^^ + 32^^ + ^ - s) 

of infinite order on A defined over L = Q{^) obtained from Darmon’s construction of modular points. 
The trace of Q in L/Q is equal to the generator R = (0, 0) € A(Q). Let ct be a generator of P. It is 
easy to check that 

^i70^Q0^((T + fj ^)Q0^ (fj^ 0 fj 

has finite index coprime to p in A(L). Hence we can take Q as the point whose existence is predicted 
by Proposition 5.7. (In the general case, we may have to take a linear combination of a new point 
in A{L) and the generator in A(Q) to assure that the trace generates A(Q).) In fact, in our case, 
we can check that A{F) = Ij[G]Q by using the bound given in [21]. 

Using modular symbols for the character e and a Heegner point computation for 1, we can prove 
that the formulae (24) evaluate to 


Qi = 


L'(A, 1 ) 


= I 


and 4 = M^i!i1):^=4 


n+{A)-Hi H+(A) 

and hence conclude that BSD holds for A/q and A^x with in(AQ) = I11{Ak) = 0. Next, we 
compute a numerical approximation to L'(A,'0,1) for a 2-dimensional representation ^ G Ir(G'). 
The corresponding value of is equal to 4.0000000000000 for all such tp, but we know of no means 
of proving that this value is indeed algebraic and equal to the value 4. It predicts with good accuracy 
that BSD for A/j^ would imply that in(AL) and in(Air) are trivial. However assuming that = 4, 
we compute the S'p-truncated version 


Qi = - 


578 


and Qe = 4 and = — 


2312 

577 


for all dim(^) = 2 


and hence find that the congruence (20) holds modulo p = 7. Note that in this particular case, 
the values were all in Q. In other words we have found convincing numerical evidence that a 
Gross-Zagier formula 


L {AjXjXj l)-\/^ _ Cqo ^ —(t (q) T-(0)) 

D+(A)2 “ c2 

analogous to (23) should hold for all y € Ii'(^’) because Coo = 2 and c = 1. 


6.3.2. A quintic example. As a second example, we consider the curve 

A: y^+xy = x^ — 4,x — 1 

labelled 21al in [20]. It has rank 0 over Q, but rank 1 over K = Q(i) and the group A{K) is 
generated by the point 

R={1 ^). 

Now we consider the extension F/K given by a solution ^ of the polynomial 

x^ - 2x^ + lQx^ + 17X- 12 

The extension F/K is only ramified at the place 19Z[f]. All of our hypotheses except (g) can be 
verified to hold in this example. 

By a simple search for points, we find the point 

T= (|(-^^-^^-12^-8), ^(39^'‘- 7^^ - 213^2 - 127^0 196)) 
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of infinite order defined over L = Q(5). The bounds in [21] can then be used to prove that ZT 0 
Z (cr + a~^)T generates A{L)t{ where ct is a generator of P. To find the point Q is a bit more 
elaborate than in the previous example as pA = 1- In fact the Z[G]-module generated by T and R 
will have index p in A{F) because [18, Corollary 2.5] tells us that A{F)p is projective. We are going 
to use the relation 

(p-l)/2 

P ■ = Ttf/k + (ct - 1) ^ i (cr* - cr”*) 

i=l 

in Z[G] which is reminiscent of Kolyvagin’s derivative construction. We now try to find a point 
T' = aT + b{a + a~^)T in A{L) with 0 < a,b < p such that O ^ Q' = R + {a — 1)(T') is 
divisible by p in A{F). Then we can take Q such that pa^P~^^'>^‘^{Q) = Q' to be the point predicted 
by Proposition 5.7. In our concrete case this works with (a, &) = (4,3). It can be shown that 
A{F) = */ 2 z © 0 I\G]Q as a Z[G]-module. 

Using modular symbols and Heegner points, we can provably compute that 

Qi = ^ and ^ 

and hence deduce that BSD holds for A/q and A/^: with trivial Tate-Shafarevich groups in both 
cases. We compute to a high precision the derivatives of L{A,ijj,s) for the representations ■0 = i/^i 
and ip 2 of dimension two and we find, with an error less than 10“^®, that ~ 256, predicting 

that jni(Ai,)j = 4 and ~ 48. It also predicts that ni(Ai;’) has order 32. We will now 

assume that these are actually equalities and conclude that = 8 • (3 ± • One then computes 

the Sf-truncated values to be 

8 24 

Qi = Y^, and 0 = -96 

and this shows that the congruence (20) holds modulo p = 5. 
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